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This work implements a MIMO (Multiple Input Multiple Output) FO (Fractional Order)
control system for controlling the level and temperature of the water inside a tank by
means of two inflow rates: cold and hot water, which are mixed to produce an outflow
rate. Such a process exhibits coupling between inputs and outputs. A linear model of
the plant is obtained experimentally. Such a model, the transfer matrix function of the
plant, is used to design a centralized MIMO IO (Integer Order) controller that permits
to achieve complete decoupling between the set points of level and temperature and
the corresponding controlled outputs: level and temperature in the tank. The MIMO
FO controller is obtained making fractional all de transfer functions of the MIMO IO
controller. Experimental results demonstrate that the MIMO FO control system improves

the control performance of the plant outputs: level and temperature of the water in the

tank.

1 Introduction

In the literature, few studies have been performed for mod-
elling a MIMO tank water plant having interaction (coupling)
between its inputs: cold and hot water flow rates, and its
outputs: level and temperature of the water into the tank. For
instance, in [1]], the level and temperature inside the tank are
controlled by means of cold and hot water flow rates using
two control configurations. The first configuration, called
coupled control, employs two PID controllers, while the sec-
ond, called decoupled control, uses two PID controllers and
two decoupler devices. Figure|l|shows the controlled level
and temperature using a coupled control configuration.

In [2]], a water tank plant is modelled and controlled using
two PID (Proportional Integral Derivative) controllers. The
work in [3]] employs a decoupled model of the water tank
plant, which is controlled by means of two PID controllers
and four decoupling devices, while in the work published
in [4], the water tank plant is controlled by a MIMO PID
controller using as control inputs the cold water flow rate and
the electric current supplied to a heating resistance. The sim-
ulation work in [5] employs a fuzzy logic controller to control
the temperature and water Level in a boiler. At the present,
no work that employs a MIMO fractional order controller has
been published.
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Figure 1: Controlled level and temperature using a decoupled control config-
uration. MV stands for Manipulated Variable. Taken from [

This work is organized as follows. Section |2| describes
the multipurpose plant and the supervision module used in
this work to implement the MIMO feedback control systems.
Section [3|deals with the experimental modelling of the water
tank plant. The design and implementation of a MIMO IO as
well as a MIMO FO control systems are the topics of Sections
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and [5} respectively. Section [6] presents some concluding
remarks derived from this work.

2 Plant Description

Figure 2] shows the multipurpose plant, patented by UTEC
(Universidad de Ingenieria y Tecnologia) [[6] used in this work,
while Figure [3]depicts the corresponding supervision mod-
ule patented by UTEC [7]]. Such equipment is located in the
Process Automation Lab of UTEC.

Figure 3: The supervision module

Figure |4 depicts the P&ID (Piping and Instrument Dia-
gram) of the multipurpose plant. In Figure [4) T-10 is the
water tank plant. Observe that a flow rate g¢ of cold water
and a flow rate g;; of hot water are entering into T-10. A
warm water flow rate qp is exiting from T-10. Such a tank
possesses a water overflow pipe not shown in Figure[d] The
on—off valve DV-10 allows the passage of qc. The control
valve FV-10 is used to regulate g¢, while the flow transmitter
FT-10 measures q¢.

The hot water flow rate of qp is regulated by the control
valve FV-11 and measured by the flow transmitter FT-11. In-
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side the tank T-10 there is a temperature transmitter TT-10
and a pressure transmitter PT-10, which is used as a level
transmitter. In the tank T-10, there exists an electric heating
resistance, whose electric current is controlled by the power
controller PW-10 located in the supervision module. Both
devices are not used in this paper. This work employs the
tank T-20 to produce the required hot water flow rate qy
at a temperature of 50°C. The water flow rate gp exits T-10
through the on—off valve DV-30.

Observe in Figure[4} that the on—off valve DV-20 permits
the entering of the flow rate g¢ to the tank T-20. This tank
possesses a low level swith (LL-20) and a high level switch
(HL-20) to indicate if the tank is either empty or filled with
water, respectively. The water into the tank T-20 is heated
electrically. The temperature into this tank is measured by
the temperature transmitter TT-20 and controlled by means
of the power controller PW-20 located in the supervision
module. A flow rate g with a temperature of about 50°C
is pumped to the tank T-10 by using the pump P-20. The
pressure into the pipe that connects tanks T-10 and T-20 is
measured by the pressure transmitter PT-20. The speed of
the pump is kept constant by means of a speed controller (a
variable frequency drive) located in the supervision module.
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Figure 4: P&ID of of the multipurpose plant

Figure [3]shows the supervision module that is equipped
with breakers, power sources, a PanelView front, two power-
ful PAC (Programmable Automation Controller), a PLC (Pro-
grammable Logic Controller), and a Flex I/O (Input/Output)
switch among others. The latter device permits Ethernet com-
munication between the PACs and the PLC of the supervision
module with the valves and transmitters of the multipurpose
plant. For such a purpose, input and output connectors avail-
able on the front panel of the supervisory module (Figure 3)
permit to wire the PACs an PLC with the field instrumenta-
tion.

The software Studio 5000 from Rockwell Automation is
used to elaborate the HMI (Human Machine Interface) and to
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implement the control algorithms written in structured text
language. This work employs the ControlLogic 5000 PAC.
Table [1|shows the valued parameters and variables used in
this paper.

Table 1: Parameters and variables employed in this work

| Symbol [ Description | Value ‘
A Tank rectangular section | 0.12 m?
A, Output pipe section 5.06x10~% m?
h=79; Steady state of h 0.2m
gc =117 | Steady state of q¢ 6.66x107> m3/s
gy = tip | Steady state of gy 7.66x10™> m3/s
ap Steady state of qp 12x107°> m3/s
g Earth’s gravity 9.81 m/s?
Oc Temperature of q¢ 289K
Oy Temperature of gy 321K
O0=7, | Steady state of O 304K
pc Water density in g¢ 998 kg/m?>
PH Water density in gy 988 kg/m>
D Water density in gp 995 kg/m?>
Cp Heat specific capacity 4186.8 J/(kg-K)
Cyq Discharge coefficient 0.16
a Discharge factor 3.586 m>>/s

The outflow rate qp shown in Table [I|can be computed
from

T
CID:CdVZghDdZ:a h a:Cd@Dd (1)

In , C, is the dimensionless discharge coefficient, g is the
gravitational acceleration, and D; is the diameter of the pipe
for the outflow qp. Knowing the steady state values & and gp
of h and qp, respectively,C; and « can be calculated from

Cd = —QD ; a = Cd \/2—ng

ZghDd

(2)

Three experiments are performed to determine the discharge
coefficient C; shown in Table [I] For each experiment, the
valve FV-10 is opened in a certain percentage to allow the
flow rate g¢ enter the tank T-10. At the same time, the flow
rate qp is regulated by means of the manual valve until the
level h into the tank remains unchanged. At that point, the
output flow rate of magnitude gp equals the input flow rate of
magnitude §c. Then, the discharge coefficient C; can be com-
puted from (2). Table[2]shows the results of the experiments.
The selected value for C; is 0.16.

Table 2: Experiment results to obtain Cy

Gc (m3/s) | h(m) Cy a (m?>/s)
1.45x 10-4 | 0.162 | 0.160 3.586
1.95x 10-4 | 0.307 | 0.157 3.518
9.72x 10-5 | 0.092 | 0.142 3.182
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3 Experimental Plant Modelling

Figure [5| depicts the block diagram of the MIMO LTI (Lin-
ear Time Invariant) control system, where s is the Laplace
operator, G,(s), G¢(s), G(s), and Gr(s) are transfer matrix
functions of the plant, the controller, the open-loop system,
and the closed-loop system, respectively. Also, r, e, u, and y
are the reference, system error, control, and output vectors,
respectively.

r © u ¥ r ¥

Figure 5: Block diagram of the MIMO feedback control system.

From Figure 5t y(s) = G,(s)u(s), which can be expressed

vi(s) | _| Gpui(s) Gprals) || wils) (3)
v2(s) Gp21(s)  Gpaals) || uals)
The four transfer functions of (3)) can be obtained experimen-
Gp12 = [y—l

tally ||() 1
|: 1 :|V =0,u,=0 2:|;} =0,u1=0
1 2 U2 2 U1

Y2 §%)
[— Gy ===
! y1=0,u=0 U2 y1=0,u;=0

In the figures shown hereinafter, the water level and tem-
perature in the tank are expressed in cm and °C, respectively.
Let us consider a level transmitter span from 0 cm (0% of the
span) to 40 cm (100% of the span). To determine Gy, the
valve FV-10 (Figure [4), which regulates the flow rate of cold
water uy, is opened from 30 to 50%, making y; (the water
level into the T-10 tank) to change from 10 cm (25% of the
span) to 19.5 cm (48.75% of the span) as seen in Figure @
Using the tangent method in Figure[6} the transfer function
Gp11 with gain K;,;; and time constant Ty is found to be

Gp11

(4)

Gp21

- | & Ky 11875
K - = (5)
! 92=0,1,=0 Tp115+1 180s+1
(48.75 - 25)
Ky = ot = 1.1875
PIL= (50— 30)

T
= Approximation
—Experimental

i i | i 1
0 100 200 300 400 500 600
Time (s)

Figure 6: Experimental reaction curve for the G11 transfer function.
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To compute Gy, the valve FV-11 (Figure , which regu-
lates the flow rate of hot water u,, is opened from 40 to 60%,
making y; to vary from 10 cm (25% of the span) to 19.5 cm
(48.75% of the span) as seen in Figure|7} Using the tangent
method in Figure(7} the transfer function G,1, with gain K,
and time constant T}, is computed as

c . _|n __Kpa 11875 )
P2 s, g Tpras+1  180s+1
(48.75 - 25)
Kpp=— "1 =1.1875
P127 760 - 40)

= Approximation
=Experimental

i i
0 100 200 300 400 500 600
Time (s)

Figure 7: Experimental reaction curve for the Gp12 transfer function.

Now, let us consider a temperature transmitter span from
16 °C (0% of the span) to 50 °C (100% of the span). To find
szl, the valve FV-10, which regulates the flow rate of cold
water 1y is opened from 30 to 50%, making to drop the tem-
perature vy, from 32 °C (47% of the temperature span) to 24
°C (23.5%) as seen in Figure[8] From such a reaction curve,
the transfer function Gp,; with gain K, and time constant
Ty21 is calculated as

-K ~1.175
2 21
Gpa1 = [3’_] == P2l _ )
! v1=0,u,=0 p21S+ 1 180s+1
(47 - 23.5)
Ky =" =1.175
P21~ 7(50-30)

' ' ! —Approximation
32 —Experimental

i | | i
100 200 300 400 500 600
Time (s)

Figure 8: Experimental reaction curve for the Gp7; transfer function.

To find Gp;;, the valve FV-11 is opened from 40 to 60%,
making to change y, from 33 °C (50% of the span) to 43
(79.4% of the span) as seen in Figure[9] From such a figure,
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the transfer function G,;, with gain K, and time constant
T,25 is found to be

Kpa2 1.487
G””:[&] STl (8)
U2 |y =0,u1=0 Tpoos+1 180s+1
(79.74 - 50)
Kpop =~ = 1.487
P22~ (60— 40)

= Approximation
—Experimental

y, () (°C)

h | i | H |
0 50 100 150 200 250 300 350
Time (s)

Figure 9: Experimental reaction curve for thr Gp;; transfer function.

4 Design of the the Multivariable 10
Control System

From Figure|[5]
G(s) = Gp(s)Gc(s) (9)

Gr(s) =[G(s) -1 G(s) (10)
Consider the following diagonal closed-loop transfer matrix
function to assure complete decoupling between the different
p inputs.
Gru

Gr(s)= (11)

Grpp

From

G(s) = Gr(s)[I-Gr(s)]! (12)
Since G is diagonal, [ - G] and [I - G]™! are also diagonal
matrices. Therefore, matrix G takes on the diagonal form

Gt
1+GT11
G(s) = (13)
Grpp
1+GTpp
The system error is given by
e(s) =x(s) —y(s) = [I- Gr(s)]r(s) (14)
The necessary condition to obtain e(t) = 0 is
limGy(s) =1 (15)
s—0

For instance, the following Gr(s) transfer matrix meets the
condition given by
1

Tyis+1
Gr(s) = (16)

Tpps+l
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In , T;; for ii =11,---,pp are time constants. Introducing
condition into results

I1+G(0) = G(0) (17)

This requirement means that each element of the diagonal
matrix G must contain at least one integrator. Using (9) into
(10), we obtain the following MIMO controller

Gc(s) =[Gy 'Gr(s)I-Gr(s)]™!

-
T115

(18)
1

Tpps

Assuming that all parameters of Gp and G are known, then
the following MIMO controller with known parameters takes
on the form

Kii Kiiz
Ko+ =4 —Kepp— =4
G.(s) = . . (19)
i21 i22
Kooy + =2 Kepp + =122

Figure([10|depicts the simulation result of the MIMO IO con-
trol system using a sampling time of 0.1 s. Reference level
and temperature signals were set to 20 cm and 33 °C.
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Figure 10: Simulated time-responses of the MIMO IO control system. Top
graph: controlled level y; (t). Lower graph: controlled temperature y,(t).

Figure|l1|depicts the experimental results of the MIMO
IO control system employing most of the parameters obtained
in the simulation phase. Some parameters required a real-
time post-tuning to achieve the desired responses. Observe
in Figure[IT]that the controlled level p; (t) possesses a settling
time of 225 s, null P.O. (Percent Overshoot), and about a null
steady-state error. On the other hand, the controlled temper-
ature p,(t) shows a settling time of 200 s, a P.O. of 25%, and
around a null steady-state error.

It is worth to mention that the MIMO IO controller given
by constitutes the structure of the MIMO FO controller
to be designed in the next Section.
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Figure 11: Experimental time-responses of the MIMO IO control system.
Top graph: controlled level y; (¢). Lower graph: controlled temperature y,(t).

5 Design of the MIMO FO Control Sys-
tem

The approach used in this section was employed in [9] to
control two robot manipulators. The MIMO FO controllers
is obtained making fractional the MIMO IO controller given
by (19). That is, replacing in all Laplace operators s by s°
and s*, where 6 and A are fractional numbers between 0 and
1. Then, the MIMO FO controller takes on the form

Kii

Kiip
Ko+ =5 3

Ko —=5%
Gerols) = (20)

Kin Kizo
Koot + =3 Kepp+ =3

The FO differentiators s® and s given in may be approxi-
mated by polynomials that depend on the Laplace operator s
employing various formulas. For example, for the frequency
range of operation [wy, wy], s® and s* can be approximated
by the following modified Oustaloup filter described in [10]

N s+w;{
s"~C T1
k=—-N\ § + Wy
c- dowp \" ds? + by,
b d(1 —m)s? + bwys +dm
Wy = \Jwp/wy,

r (2k=1+m)/N
W, = WpWy

(21)

(2k—1-m)/N

Wi = Wpwy

According to [10], the Oustalup filter produces a good ap-
proximation for b = 10 and d = 9. The frequency range of
operation can be obtained from the Bode diagrams of transfer
functions of the robot manipulator’s transfer matrix func-
tion. However, such an approximation is not employed in
this work because we will perform real-time implementation
of recursive codes in the discrete-time domain.
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There are various approximations for the FO differentia-
tors s® and s* as a function of the shift operator z. This work

employs the Muir’s recursion method [11]], which establishes

s (2\% A,(z7L,0)
s n\z

~(=) 2= 9 22

’ (T) A (z1,-5) (22)

In (22), T is the sample time and z is the shift operator.
A,(z™",0) can be computed in recursive form as follows

An(z_lJé) - An—l(z_lfé)_an_nAn—l(Zfé)
Ap(z10) = 1
I} if n is odd
¢, = | ifniso (23)
1 0 if n is even
This work uses = 3 in (23). Therefore
@~ (E)b As(z7h,9)
T) Asz(z71,-9)
1 1.
As(z71,8) = —552_3+§bzz_2—6z_1+1
1 1
As(z7!,-6) = 362_3+§522_2+5Z_1 +1 (24)

A similar expression to is obtained for A as follows

A

SR

(2 )A As(z71, Q) (25)

T) As(z1,-))

Using (20), we formulate u = G.gpe. Hence, the control
laws u; and u, are formulated as

Ki11 Ki12
Uy (Kc11+?)€1—(Kc12+?)62

(26)

Ki Kizs
Uy (Kc21+ = )€1+(Kc22+ = )61

In (26), e, = 11 —y; and e, = r, -, are the system errors, and
r; and r, are the set points. Replacing and in (26),

we obtain two control laws of the form

3 3
ui(k) = _il;laiul(k_i)+Z.)::0ﬁi€1(k_i)+

3 .

Z.)::()Piez(k—l)

3 . 3 .

u(k) = —Elflim(k—1)+i):30Ti€1(k—1)+

3

.aniez(k_i) (27)

1=

In (27), k is the discrete time. Note that parameters a;, B;,
and p; depend on 9, while parameters #;, 7;, and o; depend
on A. Recall that fractional numbers ¢ and A depend on the
sampling time T.

Figure|l2|depicts the simulation result of the MIMO FO
control system obtained with the following parameters: Tj; =
30, Tyy = 40, K,q; = 1.012, K;;; = 0.005, K 15 = — 2.334, Ki1»
= —0.013, K.y, = 0.0846, K:y; = 0.007, K,y = 2.334, K;») =
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0.013. Reference level and temperature signals were set to 20
cm and 33 °C. The simulation phase employed a sampling
time of 0.1 s.
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Figure 12: Simulation time-responses of the MIMO FO control system. Top
graph: controlled level y; (t), second graph from the top: control force uj (t),
third graph from the top: controlled temperature y,(t). Bottom graph: con-
trol force uy(t).

Figure[13]illustrates the experimental results of the MIMO
FO control system using most of the parameters employed in
the simulation phase. Some parameters needed a post-tuning
to achieve the desired responses. Note in Figure[I3|that the
controlled level depicts a settling time of 70 s, null P.O., and
null steady-state error. Also, the controlled temperature pos-
sesses a settling time of 125 s, null P.O., and null steady-state
error.
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Figure 13: Experimental time-responses of the MIMO FO control system.
Top graph: controlled level y; (¢), second graph from the top: control force
u1(t), third graph from the top: controlled temperature y,(t). Bottom graph:
control force uy(t).

6 Concluding Remarks

A MIMO 10 as well as a MIMO FO control systems were
implemented for comparison purposes in this work. At the
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present, no work that employs a MIMO fractional order con-
troller has been published.

Experimental results demonstrate that the MIMO FO con-
trol system performs better because the settling time of the
controlled level decreases from 225 s (Figure[L1} top graph)
to 70 s (Figure[13] top graph), while the settling time of the
controlled temperature diminish from 200 s (Figure[11} lower
graph) to 130 s (Figure[13] lower graph).

No P.O. (Percent Overshoot) shows the controlled level
and temperature using a MIMO FO controller as seen in Fig-
ure However, the controlled temperature using a MIMO
IO controller depicts a P.O. of 20% as illustrated in the lower
graph of Figure

The main problem faced with the employed water tank
plant was the supply of hot water in sufficient quantity to
perform the experiments.

The simulation of the MIMO IO control systems is nec-
essary to analyse the behaviour of the controlled plant and
estimate the tuning parameters required for real-time imple-
mentation.

As seen in Figures[11]and [13] the controlled level and
temperature do not present oscillations. However, using
the decoupled control configuration developed in [IJ, the
controlled level and temperature depicted in Figure[T|show
strong oscillations.
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