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 In our era, human and machine must share the same workspace in various plants such as 
warehouse logistics, material transportation, manufacturing factory or assisted human. 
The collaboration is essential to maintain the safe operation and the complete mission. In 
this paper, a design of anti-vibration scheme using Spline generator for grounded vehicle 
platform in human-machine interaction is introduced. This hardware structure is able to 
play a role as carrier in loading application or human assistant in real life. In most of cases, 
vehicle must convey cargo from start point to destination instead of human while its 
reference trajectory conflicts with human’s movement. The proposed algorithm helps to 
carry out a decision of stopping strategy with the least vibration as possible to avoid 
accident. From the test results, the proposed design is feasible and capable to apply in 
numerous industries. 
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1. Introduction  

In the first and second industrial revolution, human labor is the 
main factor to build the products in the workshops, factories, or 
warehouses. The productivity of this stage mostly depends on the 
human factor such as clock operation, time off, overtime, short-
term payment. Until 1950s, the Automated Guided Vehicle (AGV) 
was firstly introduced as an advanced mobile robot which uses 
wires, UV marks and light to navigate. Nowadays, AGVs are even 
more advanced by using magnets, laser range finder or digital 
cameras to pilot. Moreover, the most complex guidance technique 
is currently an integrated on-board with sensors and software, 
using wireless or radio frequency connection for routing. This 
autonomous system is commonly applied in large scale factories 
and storehouses to transport materials from one place to another or 
assist human by following them with packages. AGVs come with 
powerful computers that are connected to the cameras, lasers and 
sensors. This allows vehicle to handle multi-tasking or complex 
missions all the time. It is completely safe to walk or stand around 
AGVs while they are operating. On the other hand, unlike human, 
AGVs can work overtime and will result in the growth of 
productivity and minimize the expenses. 

However, in most of the autonomous system, while they are 
working, there are always exist residual vibration, which leads to 

the lack of accuracy. For instance, the crane with heavy load in the 
end-effector is moving from one place to another. And when it’s 
stopped, the vibration occurs proportionally to the mass of the load, 
which not only lead to the inaccuracy but also damage the joints of 
the crane.  In other example, the AGV is following human with a 
bulky material above and still maintain the safe distance to human. 
It is assumed that sudden collision would force AGV to stop 
immediately. If it is not stopped properly, the materials above 
would collapse due to the vibration. In [1, 2], the researchers 
composed of four major functional blocks including human 
detection and human feature, dynamic social zone, approaching 
pose of the robot to a human or a human group. They are 
incorporated into a motion planning system, comprising a local 
path planner and dynamic window technique. The output of 
research is only focus on driving a mobile robot to approach both 
stationary and moving humans in a socially acceptable manner. 
They did not concern on dynamic constraints of system model to 
guarantee the safe operation. In the applications where the 
oscillating dynamics is not easily detectable with the standard 
sensors that hung on the plant, accordingly, it cannot be 
compensated by a feedback control action. The use of a feed-
forward control is often the only option for reducing the vibrations. 
this technique [3-5] is very effective in vibration suppression, but 
it may be not useful in trajectory following application such as 3D 
printing, cutting ... The alternative method to dominate oscillation 
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is the use of finite impulse response filter for planning minimum-
time trajectories [6, 7] was presented. This investigation connects 
between analytic functions and dynamic filters permit a 
generalization of various trajectories. It is usually obtained by 
second- or third-order polynomial functions to a generic order with 
only a modest increase of the complexity. The exponential jerk 
along with filters was investigated as a new type of trajectory [8, 
9]. As a matter of fact, constant jerk trajectories did not guarantee 
a complete vibration suppression when the damping of the 
resonant modes is not negligible. The decay rate and duration of 
the jerk impulses that allow residual vibration cancellation are 
derived in an analytical way as a function of the dynamic 
characteristics of the plant. Some comparisons with the well-
known input shaping techniques combining with filters performs 
the advantages of this method. In [10-12], the authors 
demonstrated the theories of motion profiles from basic to 
advance, the mechanism of motion generators and their 
applications in industry. They acquainted with polynomial profile, 
exponential profile and multi-segmented profile to figure out the 
generation of robot trajectory. One of advanced path generators is 
a uniform B-splines of degree p. The investigators in [13-15] 
developed the spline trajectories with a chained composed by p 
average filters to optimize. It could find out the solutions for two 
different troubles such that exactly interpolating a set of given 
points by means of a complex trajectory and the need of 
suppressing mechanical vibrations. However, these researches are 
only simulated in virtual environment from theories. It needs more 
time to overcome practical problems, for example, time consuming 
to generate motion profile, burden computation in computer or 
high cost comparing to other methods.  

In this paper, the exponential B-spline trajectories are taken 
into consideration and able to generate exactly if the profiling 
parameters are chosen properly. Besides, for safety in the working 
environment, there are many options such as stereo cameras, laser 
sensors, proximity sensors that could be placed additionally. A 
Kinect camera is chosen because of its advantages, i.e. cheap price, 
easy to calibrate, library supported and most importantly human 
detectable. A Kinect camera is attached on the vehicle to calculate 
the distances when humans are detected while moving along its 
path, based on the depth sensor integrated in the camera. The 
experimental results performed on an automatic guided vehicle, 
show the effectiveness of the proposed method.  

2. B-spline and Applications 

Splines are piecewise polynomial functions widely used to 
interpolate sets of data points or to approximate functions, curves 
and surfaces. The data may be either one-dimensional or multi-
dimensional. A spline of order 𝑝𝑝  is a piecewise polynomial 
function of degree 𝑝𝑝 − 1 in a variable of 𝑡𝑡. The values of 𝑢𝑢 where 
the pieces of polynomial meet are known as knots, denoted 
𝑡𝑡0, … , 𝑡𝑡𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘 and sorted into non-decreasing order. When the knots 
are distinct, the first 𝑝𝑝 − 1 derivatives of the polynomial pieces 
are continuous across each knot. When 𝑟𝑟 knots are coincident, 
only 𝑝𝑝 − 𝑟𝑟  derivatives of the spline are continuous across that 
knot. 

2.1. B-spline Functions 

A particularly efficient technique for the computation of 
splines is based on so called B-splines, or Basic-splines. The 

reason for such a name is that a generic spline can be obtained as 
a linear combination of a proper number of B-spline basis 
functions,  𝐵𝐵𝑗𝑗

𝑝𝑝(𝑡𝑡), i.e. 

𝑠𝑠(𝑡𝑡) = �𝑝𝑝𝑗𝑗𝐵𝐵𝑗𝑗
𝑝𝑝(𝑡𝑡)

𝑚𝑚

𝑗𝑗=0

 (1) 

where 

𝑠𝑠(𝑡𝑡) is the curve trajectory. 

𝑝𝑝𝑗𝑗 , 𝑗𝑗 = 0, … ,𝑚𝑚 are the control points. 

𝐵𝐵𝑗𝑗
𝑝𝑝(𝑡𝑡) is the 𝑗𝑗𝑡𝑡ℎ B-spline basis function of degree 𝑝𝑝. 

𝑡𝑡 = [𝑡𝑡0, … , 𝑡𝑡𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘] is the knot vector. 

B-spline basis function can be generated by using Cox-de Boor 
formula or convolution method. B-spline is a general term. 

where 

𝐵𝐵(0,0,0,0)(𝑡𝑡) = 𝐵𝐵3(𝑡𝑡) is a cubic polynomial spline. 

𝐵𝐵(0,0,0,𝛼𝛼�)(𝑡𝑡) is an exponential spline of degree 3. 

𝐵𝐵(0,0,−𝛼𝛼� ,𝛼𝛼�)(𝑡𝑡) is an exponential tension spline of degree 3. 

𝐵𝐵(𝛼𝛼0� ,𝛼𝛼1� ,𝛼𝛼2� ,𝛼𝛼3� )(𝑡𝑡)  is an exponential general spline form 
produces B-splines that are a linear combination of function 
𝑒𝑒𝛼𝛼0�𝑡𝑡 , 𝑒𝑒𝛼𝛼1�𝑡𝑡 , 𝑒𝑒𝛼𝛼2�𝑡𝑡 , 𝑒𝑒𝛼𝛼3�𝑡𝑡. 

Cubic polynomial spline can be generated in both methods. 
Exponential spline can only be generated by using convolution 
method. 

Cubic polynomial spline basis function using Cox-de Boor. In 
this method, B-splines are piecewise polynomial, characterized by 
a knot vector 𝑡𝑡 = [𝑡𝑡0, … , 𝑡𝑡𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘]. The relation between knots, 𝑛𝑛𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘 
and number of control points, 𝑚𝑚 is 𝑛𝑛𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘 = 𝑚𝑚 + 𝑝𝑝 + 1. 
𝐵𝐵𝑗𝑗0(𝑡𝑡) = �10

 
 
 
 
 
 
 
 
 
 
𝑡𝑡𝑗𝑗 ≤ 𝑡𝑡 < 𝑡𝑡𝑗𝑗+1
𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒

 (2) 

𝐵𝐵𝑗𝑗
𝑝𝑝(𝑡𝑡) =

𝑡𝑡 − 𝑡𝑡𝑗𝑗
𝑡𝑡𝑗𝑗+𝑝𝑝 − 𝑡𝑡𝑗𝑗

𝐵𝐵𝑗𝑗
𝑝𝑝−1(𝑡𝑡) +

𝑡𝑡𝑗𝑗+𝑝𝑝+1 − 𝑡𝑡
𝑡𝑡𝑗𝑗+𝑝𝑝+1 − 𝑡𝑡𝑗𝑗+1

𝐵𝐵𝑗𝑗+1
𝑝𝑝−1(𝑡𝑡) (3) 

 
Exponential spline basis function using convolution. In this 

method, B-splines characterized by an equally-spaced distribution 
of the knots 𝑡𝑡𝑗𝑗+1 − 𝑡𝑡𝑗𝑗 = 𝑇𝑇, 𝑗𝑗 = 0, … ,𝑚𝑚− 2. 

𝐵𝐵𝛼𝛼𝑘𝑘(𝑡𝑡) = �
𝛼𝛼𝑘𝑘𝑇𝑇

𝑒𝑒𝛼𝛼𝑘𝑘𝑇𝑇 − 1
𝑒𝑒𝛼𝛼𝑘𝑘𝑡𝑡

0

 
 
 
 
 
 
 
 
 
 

 
 
0 ≤ 𝑡𝑡 < 𝑇𝑇

 𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒
 (4) 

𝐵𝐵(𝛼𝛼0,𝛼𝛼1,𝛼𝛼2,𝛼𝛼3)(𝑡𝑡) =
1
𝑇𝑇
𝐵𝐵𝛼𝛼3(𝑡𝑡) ∗ … ∗

1
𝑇𝑇
𝐵𝐵𝛼𝛼1(𝑡𝑡) ∗ 𝐵𝐵𝛼𝛼0(𝑡𝑡) (5) 

2.2. B-spline Applications 

The linear combination of B-spline basis functions with a set 
of control points can solve the interpolation problem, therefore, in 
mathematical subfield of numerical analysis, it is widely used for 
curve fitting and numerical differentiation of experimental data. In 
computer-aided design and computer graphic, B-spline basis 
functions are used for generating and representing curves or 
surfaces. 
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3. Motion Planner Using B-Spline 

Smoothness, flexibility and possibility of exactly interpolating 
some via-points are the main characteristics of B-spline functions. 
Therefore, we believe that it is possible to generate B-spline 
trajectories which exactly cross the desired via-points and at the 
same time are able to suppress vibrations. 

3.1. B-spline Curve Generator 

Using Cox-de Boor formula, it can only solve the cubic 
polynomial spline case. Though, it’s a practical method to generate 
the B-spline trajectory for autonomous system while maintaining 
the properties of system. The proposed algorithm of flexible and 
controllable motion generator is illustrated in Fig. 1. In this case, 
the B-spline curve has degree 3 together with its control polygon 
defined by. 

 
Figure 1. Proposed algorithm of B-spline trajectory generator. 

 
Figure 2. B-spline basis functions using Cox-de Boor formula 

 

[ ]0 1 1, , ,m mP p p p p−=   

1 2 3 4 5 6 7
2 3 3 4 5 5 6
 

=  − − − 
  (6) 

The knot vector is, 

[ ]0, 0, 0, 0, 1, 2, 4, 7, 7, 7, 7u = (7) 

 
Figure 3. Non-zero B-spline basis functions in the interval [0,1]. 

 
Figure 4. Non-zero B-spline basis functions in the interval [1,2]. 

To generate the B-spline with above parameters, a method of 
path planning using various basis functions has been investigated. 
According to Fig. 1, with the initial parameters (the control point 
vector and the knot vector) and a combination with (3), it is able to 
generate the B-spline basis functions, note that the variable 𝑡𝑡𝑗𝑗 in 
(3) now becomes 𝑢𝑢𝑗𝑗  in (7) with 𝑗𝑗 = 0, … ,10 with respect to the 
example. Since it has a total of seven control points, it requires 
seven B-spline basis functions of degree 3 which are 
𝐵𝐵03(𝑡𝑡), … ,𝐵𝐵63(𝑡𝑡) to be able to calculate the trajectory using (1). 
After calculating all of the B-spline basis functions, note that in 
every knot span �𝑢𝑢𝑗𝑗,𝑢𝑢𝑗𝑗+1�, there are at most 𝑝𝑝 + 1 basis functions 
𝐵𝐵𝑗𝑗
𝑝𝑝 are not null, namely 𝐵𝐵𝑗𝑗−𝑝𝑝

𝑝𝑝 , … ,𝐵𝐵𝑗𝑗
𝑝𝑝, for example there are 4 basis 

functions 𝐵𝐵03,𝐵𝐵13,𝐵𝐵23,𝐵𝐵33  are not null in the interval [𝑢𝑢3,𝑢𝑢4)  as 
shown in Fig. 5. Using (1), for each of the B-spline basis functions 
of degree 3 as mentioned above, multiply it with the corresponding 
control points, as a result we have 𝑠𝑠(𝑡𝑡), which is a vector with the 
first row stands for the time in the x-axis and second row stands 
for the amplitude of the trajectory in the y-axis. 

Fig. 2 introduces all of the B-spline basis functions in the 
interval [0,7). Note that, at every sampling time, the sum of all of 
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the B-spline basis functions at that time is always equal to 1, this 
is also one of the characteristics of the B-spline basis functions. 

 
Figure 5. Non-zero B-spline basis functions in the interval [2,4]. 

 

In Fig. 3 and Fig. 4, there are 4 non-zero basis functions which 
are available in the interval [0,1)  and [1,2) , they are 
𝐵𝐵03,𝐵𝐵13,𝐵𝐵23,𝐵𝐵33 and  𝐵𝐵13,𝐵𝐵23,𝐵𝐵33,𝐵𝐵43 respectively.    

 
Figure 6. Non-zero B-spline basis functions in the interval [4,7]. 

3.2. Smooth Profiling Generation  

In order to prove the effectiveness and correctness of B-spline 
application for vibration-less motion, a practical example of 

material transportation in factory has been chosen. An automated 
guided vehicle (AGV) with cargo must travel in long distance 
during working hours. It is recognized that the stable movement is 
difficult to gain since the vibration occurs. To conquer these 
troubles, we apply B-spline trajectory to reduce the oscillation. Fig. 
10 illustrates the system modeling of both AGV and cargo as m1 
and m2. They are linked together via a string (stiffness k) and 
damper (viscous coefficient b).  

qtF


 : inertial force acting on m2  

v  : velocity of m1   

1 2,x x 
 : displacement of m1 and m2 

 

Figure 7. Cubic polynomial spline trajectory. 

 
Figure 8. Modeling of both vehicle and cargo. 

Using Newton law, we have equation of system dynamics in 
time domain 

2 2 2 2qtm a F kx bx= + +
  

   (8) 

In its direction,  

2 2 2 2 2 1m x kx bx m x= − − +     (9) 

By applying Laplace transformation, the below description is 
in frequency domain 
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2 2
2 1 2 2 2 2m s X m s X kX bsX= + +  (10) 

2
1

2 2 22 n n

s XX
s sεω ω

⇔ =
+ +

  (11) 

2
2

2 2
1 2 n n

X s
X s sεω ω

⇔ =
+ +

  (12) 

where, 

𝜔𝜔𝑛𝑛 = � 𝑘𝑘
𝑚𝑚2

 : the natural frequency of the of the lightly damped 

system. 

𝜀𝜀 = 𝑏𝑏
2𝑚𝑚2𝜔𝜔𝑛𝑛

 : the damping ratio. 

From equation (11), it has been known that the system vibrates 
more at pole points while it maintains a stable state at zero points 
are the points. On the other hand, the system is stable if the poles 
lay on the left side of the complex plane or being replaced by the 
zeros using the pole placement technique. In (12), we can find the 
zeros and poles of the system. 

 
Figure 9. Poles and Zeros in the complex plane. 

Zeros, 

𝑠𝑠2𝑋𝑋1 = 0 (13) 

↔ 𝑠𝑠𝑧𝑧1,2 = ±𝑗𝑗
2𝜋𝜋𝜋𝜋
𝑡𝑡3 − 𝑡𝑡2

 (14) 

Poles, 

𝑠𝑠2 + 2𝜀𝜀𝜔𝜔𝑛𝑛𝑠𝑠 + 𝜔𝜔𝑛𝑛2 = 0 (15) 

↔ 𝑠𝑠𝑝𝑝1,2 = −𝜀𝜀𝜔𝜔𝑛𝑛 ± 𝑗𝑗𝜔𝜔𝑛𝑛�1 − 𝜀𝜀2 (16) 

The zero points together with pole points are illustrated in the 
complex plane as Fig. 9 below.  

4. Planning the Proposed Scheme 

In the present work, we discover the case of automated vehicle 
which lifting cargo to transport material in factory. The test 
scenario was set up as Fig. 10 which the proposed scheme is 
experimented on a model of vehicle. It is attached the flexible 
beam together with mass and an accelerometer above. In front of 
vehicle, one digital camera is hung on anterior cover. The distance 
to conflict with objects could be estimated since it returns all 
coordinates in workspace. The test surrounding is internal area of 
textile factory where there are a lot of workers. As a result, the 
potential accident between human and machine could happen at 
any time. The proposed scheme is able to overcome these troubles 
perfectly. 

In detail, the automated guided vehicle is driven by using a TI’s 
board to output PWM signal. A powerful DC driver that is capable 
to protect the over current or isolate the reverse current, is 
motivated to control DC motor. The accelerometer is a Sensors 
Booster-Pack, manufactured by Texas Instrument and include 
several sensors into one pack. We utilize this sensing module to 
recognize the magnitude of oscillation in respect to time. This 
sensor would direct data back to host server through UART 
protocol. Whenever the mobile vehicle moves, with mass, the 
oscillation occurs to act on aluminum beam. The swinging of beam 
is recorded by sensing module. Later, oscillating data is 
transmitted to host personal computer. Moreover, a Kinect camera 
locating ahead of robot, has fully functional image processing 
techniques. We program an interface software with camera in 
C/C++ language. 

Theoretically speaking, it is desired that there exists an 
effective and feasible method to reduce the residual vibration in 
such situation. To verify our approach, the polynomial cubic spine, 
exponential spline of degree 3, exponential tension spline of degree 
3 and exponential general spline scheme are recommended to 
achieve free-vibration motion. The geometric trajectory is 
collected via linear lines with circular lines in a sequence of equally 
segment due to control points pi. Once, the flexible curves are 
generated to evaluate the exactly tracking ability of system and 
stable response. However, owing to residual vibration, the actual 
performance differs with command curvatures of the bends. For 
such fluctuation, it is traditionally considered that robot’s direction 
movement along with y-axis would produce the residual vibration 
concerned on x-axis response. The higher velocity the autonomous 
robot reaches to, the larger amplitude of oscillation takes place. 

 
Figure 10. Simulation model of autonomous vehicle.  
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Based on proposed approach, an experimental prototype of 
potential collision has been built as Fig. 11. The differential drive 
mechanism depending on dissimilar speeds, orientates itself to turn 
left or right. 

5. Discussion 

The path planner based on cubic spline curve is denoted as Fig. 
12. A series of B-spline basis functions are synthesized to perform 
the flexible and bended trajectory. Nevertheless, at each sampling 
time, there is only one basic function that is the most weighted 
scheme. Also, the determination of basic functions depends on 
control way-points. As we expect, the routing passes through all 
the given way-points.  

 
Figure 11. Practical model of autonomous vehicle. 

 
Figure 12. Cubic spline trajectory generation. 

Note that there is a unique synthetization of control points 
which meets the way-point constraints. It could offer more degrees 
of freedom by swelling the number of control points. To utilize this 
generation more effective and real-time cost, a powerful CPU 
needs to be explored. The B-spline based motion profile of mobile 
vehicle is achieved as Fig. 13. The motion generator outputs 
driving command owing to interpolation functions. It provides an 
exact characterization of such category of routing line. While 
moving with feasible profile, the autonomous robot could ensure 
to reach desired parameters such position, speed, acceleration and 
jerk. To measure the impact of proposed approach, the reaction of 
mass m2 is recorded in Fig. 14. The variation of m2 tends to zero 
when time is infinite. From these results, it can be considerably 
seen that the path generation using B-spline strategy in respect to 

analysis of dynamic characteristics has been developed 
successfully. The wide range of industrial applications are 
recommended this study in future. 

  
         (a)    (b) 

  
         (c)    (d) 

Figure 13. Motion parameters of autonomous vehicle, (a) traveling distance, (b) 
velocity, (c) acceleration and (d) jerk. 

 
Figure 14. Actual response of carrier m2. 
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