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 In this study, a new method is devised and presented for the dynamic analysis of a 2xn RLC 
circuit network modeled with the fractional-order circuit elements. The analysis method is 
based on the principles of dynamic analysis with transfer function approximation. Firstly, 
the fractional-order 2xn RLC circuit network of interest which is divided into n equal cells 
connected in cascaded form, then related transmission matrices are individually calculated 
for each cell correspondingly, Secondly. the transmission matrix of the whole circuit 
network is calculated based on the properties of the cascaded connection. By means of this 
transmission matrix and the two-part connection, diagram circuit functions, such as 
transfer function and the equivalent input impedance of the whole circuit network, are 
obtained depending on the number of cells (n) and the fractional-order values. Finally, 
essential dynamic system analysis, such as frequency, step and pulse responses, and the 
impedance characteristics of the network, are simulated using necessary MATLAB 
programs depending on cell number n and the fractional-order values. 
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1. Introduction   

Circuit networks have become more attractive in recent years 
because they can be employed for the modelling of both electrical 
and non electrical systems, such as biological and chemical ones 
[1,2]. A study on resistance networks of graphine which indicates 
the existence of the planar circuit networks in nature won the 2010 
Nobel Prize in Physics [3-5]. Over the past few decades, 
researchers have published some papers on the integer circuits 
networks. However, the last efforts have been focused mainly on 
analyzing the resistors or capacitors of the fractional order single 
component circuit networks [6,7]. Comparatively little attention 
has been paid to the impedance of the fractional-order multiple- 
component circuit networks. 

Fractional-order mathematical models developed for inductors 
and capacitors could describe the electrical characteristics more 
accurately, which allows for higher flexibility, more freedom, best 
fit and better optimization techniques. In other words, the actual 
inductors and capacitors are fractional-order in nature [8]. 
Fractional-order inductors could be designed based on skin effect. 

Moreover, the fractional order capacitors  have been created with 
different electrolytes  recently [9-11]. 

Nowadays some researchers have been studying to design and 
realize the fractional elements [12-16]. Furthermore, some 
researchers have also concentrated on the study of fractional-order 
circuit theory [17-20]. However, only few researchers are 
interested in the electrical characteristics of 2xn circuit networks 
in fractional-order sense. Therefore, we focus on impedances and 
transfer functions of the network in fractional domain.  

The following research contents could make our research more 
attractive. Firstly, network transfer function and equivalent input 
impedance formula are obtained depending on cell numbers used 
in network and fractional-order values. Cascade connection 
method with the  transmission matrices is developed for this 
derivation. Secondly, the characteristics of circuit network 
impedance and the transfer function are investigated  with respect 
to cell numbers and fractional-order values by means of MATLAB 
simulation programs. 

2. Analysis of Fractional-Order 2xn RLC Circuit Network 

Figure 1 represents the diagram of the fractional-order 2xn 
RLC circuit network, where z0 refers to the resistors, z refers to the 
fractional order capacitors, and z1 refers to the fractional-order 
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inductors [17]. The represented network model is planar, and 
contains only passive circuit elements. 

 

Figure 1: Fractional-order 2xn RLC circuit network model 

In order to obtain equivalent impedance and transfer function 
formula of the fractional-order circuit network, the basic circuit 
network theory, the two-port transmission matrix, and the matrix 
tranformation methods are employed. It is clearly seen that the 
circuit network model shown in Figure 1 includes the  network 
submodel shown in Figure 2a, and the network submodel shown 
in Figure 2b, which are connected  in cascaded form. One can 
easily verify that the whole circuit network is formed by cascading 
these submodels. With the help of the calculated transmission 
matrices for each submodel equivalent transmission matrix, the 
whole network model can be computed. From the equivalent 
transmission matrix, the transfer function and the equivalent 
impedance of the complete network can easily be found. 

 

Figure 2a: Two-port subnetwork model for basic unit cell 

 

 

Figure 2b: Two-port subnetwork model used at input and output 

Transmission matrice for the two-port network shown in 
Figure 2a is calculated by 

     𝑇𝑇1 = �𝑎𝑎 𝑏𝑏
𝑐𝑐 𝑑𝑑�                                                        

 (1)  

Where parameter values of the transmission matrice given by 
(1)  are defined respectively                                                                  

𝑎𝑎 = 16𝑧𝑧0
2+12𝑧𝑧𝑧𝑧0+5𝑧𝑧𝑧𝑧1+𝑧𝑧𝑧𝑧0
2𝑧𝑧0 (4𝑧𝑧0+ 𝑧𝑧+ 𝑧𝑧1)

                        𝑏𝑏 = 2𝑧𝑧1                       (2a) 

 

𝑐𝑐 = 16𝑧𝑧0
2+8𝑧𝑧𝑧𝑧0+8𝑧𝑧0𝑧𝑧1+2𝑧𝑧𝑧𝑧1+𝑧𝑧𝑧𝑧0

2𝑧𝑧0 (4𝑧𝑧0+ 𝑧𝑧+ 𝑧𝑧1)
                  𝑑𝑑 = 𝑧𝑧1

2𝑧𝑧0
                      (2b) 

Transmission matrice for the two-port network shown in Figure 2b 
is computed by the following equation.                          

       𝑇𝑇2 = �
1 0
1
4𝑧𝑧0

1�                                                                        (3)                         

Transmission matrix for the whole network connected in 
cascaded form becomes 

       𝑇𝑇 = 𝑇𝑇2𝑇𝑇1𝑛𝑛𝑇𝑇2                                                                            
(4) 

Where ;  

       𝑇𝑇1𝑛𝑛 = �𝑎𝑎𝑛𝑛 𝑏𝑏𝑛𝑛
𝑐𝑐𝑛𝑛 𝑑𝑑𝑛𝑛

�                                                                    

(5) 

T1
n  is defined as nth power of T1 matrice. From Cayley-

Hamilton theorem, the following equation can be written as 

         𝑇𝑇1𝑛𝑛 = 𝛼𝛼0𝐼𝐼 + 𝛼𝛼1𝑇𝑇1                                                               
(6) 

Where T1(2x2) is given by (1) and I(2x2) is unit matrix [21]. 
Where 𝛼𝛼0 and 𝛼𝛼1 coefficients are calculated by 

        �
𝛼𝛼0
𝛼𝛼1� = 1

𝜆𝜆2−𝜆𝜆1
�𝜆𝜆2𝜆𝜆1

𝑛𝑛 − 𝜆𝜆1𝜆𝜆2𝑛𝑛
𝜆𝜆2𝑛𝑛 − 𝜆𝜆1𝑛𝑛

�                                               

(7) 

Where 𝜆𝜆1 ve 𝜆𝜆2 coefficients are non repeated eigen-values of  𝑇𝑇1 
matrix. If the equations (3) and (5) are substituted in the 
equation (4), one can easily obtain the following equation.  

𝑇𝑇 = �
𝑎𝑎𝑛𝑛 + 𝑏𝑏𝑛𝑛

4𝑧𝑧0
                                  𝑏𝑏𝑛𝑛

𝑏𝑏𝑛𝑛
16𝑧𝑧0

2 + 𝑎𝑎𝑛𝑛+𝑏𝑏𝑛𝑛
4𝑧𝑧0

+ 𝑐𝑐𝑛𝑛             𝑏𝑏𝑛𝑛
4𝑧𝑧0

+ 𝑑𝑑𝑛𝑛  
�                                    

(8) 
 
Equivalent input impedance and transfer function can easily be 
obtained by means of  T transmission matrix given by (8). 
Equivalent input impedance and transfer function are given 
below, respectively. 

       𝑍𝑍𝑖𝑖𝑖𝑖 = 𝑉𝑉1
𝐼𝐼1

= 4𝑧𝑧0𝑎𝑎𝑛𝑛+𝑏𝑏𝑛𝑛
𝑏𝑏𝑛𝑛
4𝑧𝑧0

+𝑎𝑎𝑛𝑛+ 𝑏𝑏𝑛𝑛+ 4𝑧𝑧0𝑐𝑐𝑛𝑛
                                                 

(9) 

and 

         𝐻𝐻(𝑠𝑠) = 𝑉𝑉2
𝑉𝑉1

= 4𝑧𝑧0
 4𝑧𝑧0𝑎𝑎𝑛𝑛+ 𝑏𝑏𝑛𝑛

                                                     

(10) 
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The derived equivalent input impedance and transfer function  
equations are employed for the dynamic analysis of fractional-
order 2xn circuit network. Finally, the analytical equations for the 
equivalent impedance and transfer functions are presented in the 
rational equation form. These equations vary with cell numbers 
and fractional-order values, thus dynamic characteristics of  the 
network can be investigated with respect to cell numbers and 
fractional-order values.   

3. MATLAB Simulation of Network 

The given example of the circuit network shown in Figure 1 
with n=10 cell is simulated by using MATLAB program. Firstly, 
the equivalent input impedance and the transfer function of the 
circuit network are computed by means of symbolic programming 
in MATLAB. Then, by using the first order approximations 
presented in literature for the fractional elements, the transfer 
function and the equivalent input impedance are correspondingly 
obtained  in the rational function form. Finally, the characteristics 
of the transfer function and the equivalent input impedance of  the 
2xn circuit network, such as frequency response, step and impulse 
responses are investigated with MATLAB simulations. 

The parameter values of the proposed network in fractional 
domain are chosen as z0 = 1, z1=s0.5, z=s-0.5, n = 10, α = β = 0.5. In 
the simulation,  s0.5=(3s+1)/(s+3) the first order approximation are 
used fort he fractional terms [14]. Firstly, frequency response, step 
and impulse responses of transfer function given by (10) are 
obtained by using MATLAB simulations. Graphics of these 
responses are shown in Figure 3a, 3b, 3c, respectively. 

 
Figure 3a: Frequency responses of  the transfer function 

 

 
Figure 3b: Step response of  the transfer function 

 

Figure 3c: Impulse response of  the transfer function 

From the simulation results, we can conclude the following 
interpretations about transfer function of the network. It is clearly 
seen that the characteristics of the transfer function has high pass 
filter characteristic, and the transfer function is  stable. 

Later, by using the same parameter values and the same 
approximations  for the equivalent input impedance defined in (9), 
the MATLAB simulations are repeated in fractional domain. 
Frequency response, step and impulse responses of equivalent 
input impedance corresponding results are shown  in Figure 4a, 4b, 
4c., respectively. 

 

Figure 4a: Frequency responses of  the equivalent input impedance 

 

 

Figure 4b: Step response of  the equivalent input impedance 
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Figure 4c: Impulse response of  the equivalent input impedance 

From the simulation results, the following interpretions about 
impedance function can be concluded. It is clearly seen that the 
characteristics of the equivalent input impedance function has low 
pass filter characteristic, and the impedance of the network is 
stable 

4. Results and Conclusion 

Mathematical model of the fractional- order 2xn RLC circuit 
network are developed  by means of  two-port transmission 
matrices in fractional domain. Mathematical model is in the form 
of fractional order rational function. By using rational function 
approximation for the each fractional-order term, the transfer 
function and the equivalent input impedance of the 2xn circuit 
network are presented in the form of rational transfer function. 
Although the fractional- order circuit network contains nonlinear 
elements, such as fractional- order inductors and capacitors, the 
transfer function approximation can be employed by using the 
Laplace transform properties. We have proposed a new method to 
model and to analyze the fractional- order circuit network in 
fractional domain. 

The characteristics of the equivalent impedance and transfer 
functions of fractional-order circuit network are investigated by 
using the MATLAB simulation programming. Network 
characteristics, such as the frequency, step and impulse responses 
are obtained graphically for both equivalent impedance ant 
transfer functions. The dynamic stability and the characteristics of 
the fractional- order 2xn circuit network are also investigated with 
respect to the model parameters, such as cell numbers and 
fractional –order values. 
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