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The article identifies an alternative style of thinking as one of the important components of
human intellectual development. It is shown that it can be effectively implemented in
mathematics lessons at school. The purpose of this study is to develop and substantiate a
strategy for the formation of an alternative style of thinking among students in mathematics
lessons. The innovation in this research lies in the development of a new approach to the
formation of an alternative style of thinking of students, involving the progression of
schoolchildren up the "ladder of levels", purposefully correlating task structures with their
"alternative analogs". There are essential research findings. The levels of formation of the
alternative style of thinking of schoolchildren are defined and their multiple characteristics
are given. It is shown that as the main means of actualizing an alternative style of thinking,
it is advisable to set tasks that provide alternative options for analyzing the elements of their
content area. The stage-by-stage work of students as they move up the "ladder of levels" is
presented. Methodological recommendations for teachers of mathematics have been created
and partially tested. These were presented at several seminars / training sessions and were
successfully applied in practice throughout the year. Statistical processing using Pearson’s
criterion 42 was applied at the end of the year to the results of the performance of special
tasks by 52 students of grades 3-4 of one of the schools in Penza. Some students applied the
traditional method (27 students), and the remainder applied the methodology proposed by
the authors (25 students). Analysis of the results revealed a higher level of mastery of the
alternative style of thinking among students in the experimental group.

1. Introduction

This readiness is one of the factors in overcoming stereotypes.

Being ready to perceive novel and unusual feelings,
contradicting ideas initially estimated as the only correct ones, is
an indicator of human intellectual and personal development.
According to Vladimir Zinchenko, a person develops when he
“rises above the available types of activity, chooses some, or builds
a new one” [1].

The indicator under consideration, being an alternative
thinking style, presupposes openness to all possible aspects of
experience, including an unusual one; freedom from personal bias,
stereotypes, prejudices and other external constraints. It admits a
solution to problems opposite to generally accepted ones, based on
the willingness of a person to “contradict himself”, being the basis
for the formation of tolerance of any dissenting opinion and action
in the future [2-12].
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Provided an individual considers a particular situation from
different angles, takes into account various points of view on the
essential relationships between concepts established in a situation,
he will be able to at least partially decentralize his thinking, and
overcome his initially unilateral perspectives.

Despite numerous studies somehow affecting the role and
place of an alternative style of thinking in the intellectual
development of a person [2, 3, 7, 8, 10, 13, 14], the patterns and
possibilities of the formation of such a style in the educational
space at school has not been considered as an object of special
research. In particular, issues of the main conditions and
possibilities for the formation of the considered phenomenon in
school education, the stages and levels of such formation, the
diagnostic means to achieve these levels, the nature of educational
goals in various academic subjects targeting the actualization of
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alternative forms of educational and research activity, have not
been considered by the scientists [14, 15].

As a result, purposeful formation of an alternative thinking
style remains outside the attention of teachers and methodologists,
leading to passive thinking in school students. In particular, they
are not ready to transit from standard methods for performing
educational and research activities to alternative methods. In other
words, these standard methods for performing activities are fixed
in their minds as rigid algorithms that do not allow any structural
transformation.

Thus, the above conditions determine the relevance of the
proposed research.

2. Problem Statement

An alternative style of thinking can be effectively realized
within the framework of mathematical content, since the presence
of deep and often hidden connections between different branches
of mathematics, different “mathematical languages” and general
methods provide a possibility to correlate different perspectives on
various mathematical concepts, facts and patterns. These
possibilities are described in the works of many well-known
mathematicians and methodologists [1, 4, 8, 15-20, etc.].

In particular, the actualization of the alternative style of
thinking was very vividly illustrated in [15]. The great scientist
correlated numbers and algebraic quantities: “Calculations are
made either using numbers, as in ordinary arithmetic, or using
species as in algebra. Both methods are based on the same
principles and lead to one goal, but arithmetic using a specific and
particular way, and algebra applying an indefinite and general
way” [15]. However, “in arithmetic, when solving problems, one
only passes from the given quantities to the sought ones; in algebra
one works backwards, passing from the sought quantities, being
considered as data, to the given values, being considered as the
sought ones, in order to come to the conclusion or the equation,
from which it would be possible to find the sought quantity” [15].

Newton implemented these considerations in finding a
binominal series expansion of the function (1 + x)*(V),, and in

n
calculating the area bounded by the curves(1 — x2)z for various
natural numbers n [21]. Newton was well aware that, according to
the logic of his construction, the obtained expansion was
hypothetical, and not a proven fact. Therefore, he proposes other
ways to confirm the correctness of the obtained expansion, which
are of interest in the context under consideration.

In particular, Newton applied Viéta’s method for square root
extraction for numbers to polynomials [21]. Meanwhile, he
formulated the rule for “square root extraction” from a polynomial,
and he explained this rule with examples, in particular, an example
of obtaining a binomial series for [21]

1
1+x)z=V1i+x
Vvi+x=1.

Despite the fact that there are tasks for actualizing an
alternative style of thinking in modern textbooks in mathematics,
preparation materials for the final certification of school students,
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and materials for various Olympiads, this orientation has not been
fully implemented in mass practice of math education.

According to our observations and numerous publications,
many school students realize the possibility of an alternative
consideration of a particular problem situation only as reasoning
that must be remembered and applied when solving problems of a
specific type, rather than as a universal approach to its analysis
[9-11, 22-24]. To prevent this, an adequate pedagogical format,
considering the purposeful actualization of an alternative style of
thinking as one of the main tasks of school mathematics education,
is urgent.

Considering the above, the purpose of this study is to define
theoretical foundations for the formation of an alternative thinking
style for school students in the educational process, and to develop
an appropriate methodological structure to ensure such thinking
goes beyond the range of stereotyped patterns and ideas.

3. Literature Review

Various aspects of an alternative thinking style, being an
adequate indicator of personal intellectual development, have been
considered by many scientists who associated it with the categories
of decentralized, lateral, tolerant, or divergent thinking. The
absence of this style is evident in the unilateral and tendentious
thinking of a person using mainly stereotyped patterns and
algorithms [2, 3, 8, 10, 17]. Therein, his ability for creative activity
is poorly developed, which, in turn, negatively affects his ability to
solve educational problems.

In this context, a special role is played by the mathematical
content, which is characterized by a high degree of generalization,
universality, and alternativeness of research and proof methods
used. For example, one can mention the duality principle, which
plays an important role in projective geometry. According to this,
the projective space can be isomorphically mapped onto itself with
the “transformation” of points in the plane, and vice versa.
Obviously, the above regularity significantly helps to formulate
statements of the mentioned theory, since any proof can
automatically be applied to two different meaningful alternatives.

Accordingly, the targeted process of mathematics education
creates the greatest opportunity for teaching generalized methods
of mental activity to students, providing an opportunity for a
multilateral analysis of the problem situations under consideration.
It is convenient to organize such an analysis by changing the
semantic status of the components of these situations. In this case,
the initially key element of the task can be considered as an
auxiliary element, and the initially auxiliary element as being a key
one.

This approach appears in many psychological and pedagogical
studies in various modifications. For example, the founder of
Gestalt therapy, introduced thought experiments that contribute to
the personal growth of a person (“feeling of opposing forces”,
“attention and concentration”, etc.) [25]. The same procedures can
be used in teaching mathematics. In particular, when solving
geometrical problems, school students often consistently analyze
the corresponding geometric configurations, highlighting the most
promising one for further exploration, realizing the feeling of
“background and figure” [8, 11, 22]. Having reconstructed the
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problem situation, students get the opportunity to actualize the
“feeling of opposing forces” [1,11, 22, 26, 27].

The role of the considered characteristic of thinking in the
development of scientific ideas was emphasized by many famous
scientists [1, 18]. In particular, it is noted that the concepts and
facts under consideration should be not investigated in the
“normal”, correct, and usual form, but “in a critical situation, in
fever and passion...” [28]. The authors also suggested paying
special attention to characteristics that do not correspond to “the
usual intuitive ideas, and allow us to look at well-known facts from
a new angle, to see new and unexpected content therein” when
conducting research [18]. Similar considerations in favor of the
implementation of a “pathological” approach to the research
subject are expressed by the famous mathematician in [1].

In a didactic context, updating the considered approach can be
viewed as a kind of heuristic method used at the stage of problem
solving [2, 3, 11, 22, 29]. In particular, this technique is the base
of many non-standard math tasks. Mastering it, along with solving
purely didactic problems, allows for the forming of a multilateral
and “multidimensional” approach to the subject of study,
“decentralizing” the viewpoint on the considered mathematical
content and, thus, contributing to the formation of a sufficiently
flexible and “variable” style of thinking of students.

From the foregoing, it follows that it is expedient to develop a
special methodological structure that ensures the development of
an alternative thinking style when teaching mathematics at school.
The appropriate orientation should be a constant component of the
educational process, one of the methods of cognition that allows
for effectively organizing an educational heuristic search in the
development of new subject content.

Based on the analysis of a number of studies in the context of
the problem under consideration [2-4, 8, 11, 22, 25, 28, 30-33],
and our own pedagogical experience, the following
methodological provisions can be taken as the basis for such work:

e |t is advisable to actualize and form an alternative thinking
style for school students on the basis of special tasks implying
an alternative consideration of a certain mathematical model
and its components. These tasks should be interrelated with
the general context of mathematical material, ensuring the
effective achievement of the educational goals planned by the
teacher.

e In accordance with active learning strategies, the
implementation of the previous condition in the learning
process presupposes an organization of adequate independent
activity of students, during which certain connections and
relations are established between the considered alternative
positions, and a qualitatively new integrative knowledge
arises. The highest developmental effect is present when the
idea of applying some heuristic procedure comes directly
from students in the form of conjecture and suppositions.
George Polya writes, “A conjecturing student associates
himself therewith; his prestige and self-esteem depend on the
outcome of the case to some extent, and he is eager to find out
whether his guess turns out to be correct or not; he will be
actively interested in his task and the work of class, he will not
fall asleep, and will not be distracted by other tasks” [8].
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e Actualization of wvarious semantic positions, being
complementary and mutually exclusive, presupposes
interaction and cooperation of students’ efforts. According to
Rada Granovskaya and Yuliya Krizhanovskaya, “during joint
activities, the initial attitudes of some participants on the
inability to solve the problem are removed. Interstimulation of
partners reduces self-criticism and prevents the
displacement of original ideas into the subconscious” [3]. In
particular, the so-called “effect of a teasing interlocutor” [33],
which defends the position opposite to that of the author is
very effective in the considered perspective. This approach
makes it possible to impart a subjective-personal character to
the educational exploratory process, which ensures the
effective mastering of the corresponding heuristic techniques.

e Therole of ateasing interlocutor can be effectively performed
by a modern virtual educational environment, which allows
for quickly moving and changing elements of a particular
mathematical model when expedient. During the process it
becomes possible to actualize alternative key elements for a
relatively short period of time, and determine further
prospects for their use when considering this specific task
situation, or, to select the optimal alternatives [33].

The wuse of virtual educational and developmental
environments can be implemented locally when organizing a
heuristic search for a solution to a given specific problem, or it can
become a means for full-fledged creative reflection on the
meaningful links between its elements, due to their optimal
dynamization and visualization. In the course of such work, it is
given an initially boring (task) situation, after “having started to
formulate and think it over” students see that “it acquires
components, details, and new storylines, sometimes completely
unexpected from the viewpoint of its initial perception” [33]. This
approach is mentioned in a number of our publications [6, 30, 31,
34, 35].

4. Materials and Methods

The development of this research concept was carried out in
line with the main trends in the system of mathematical education,
in particular, problem-based and student-centered approaches,
taking into account the specifics of the mathematical content [3, 4,
8,9, 11, 22, 28, 34, 36-38]. The main instrument to implement
these approaches is a system of special math tasks, leading to
actualization of an alternative thinking style in school students
regulated by a teacher. The study involved three clusters of
materials.

Firstly, we have analyzed normative and program documents,
educational standards of general secondary education, programs of
mathematical disciplines, scientific and methodical works of
leading domestic and foreign experts in the field of developmental
psychology, didactics, theory and methods of mathematical
education, materials on the history of mathematics, current
textbooks, teaching aids, methodical recommendations, and
educational software [1-3, 18, 21, 28, 33, 39]. The study of these
materials indicates that the problem of the formation of alternative
thinking in school students currently has not been singled out as a
research subject for specialists in the field of mathematical
education.
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Secondly, we have conducted a longitudinal study of teaching
mathematics in a number of educational institutions in Penza
(Russia). The background competence of school students was
revealed in terms of their readiness to manifest an alternative
thinking style when solving exploratory math tasks. It was shown
that about 80% of the school students surveyed in a number of
Penza schools were not ready for consideration of variable
alternatives to a given mathematical models, limiting themselves
to analyzing the only possible alternative. Insufficient attention of
teachers to the described component of educational and
exploratory mathematical activity seems to be the main reason for
such a problem.

Finally, the third cluster of materials comprised the results of
an exploratory pedagogical experiment to determine the
possibilities of introducing the developed mathematical content
and make an assessment of its effectiveness in terms of creating
the readiness of school students to apply an alternative thinking
style when solving exploratory math tasks. The exploratory
experiment was carried out in the course of a two-year
mathematical training of school students at Lyceum No. 3 for
gifted students of the Penza region, and a number of educational
institutions in Penza. In total, the experiment included about 80
school students at the basic and senior levels of education.

The content of the materials being tested is partially presented
in a number of our textbooks and articles [7, 11, 22, 30, 31].

The data collection technique was implemented using special
educational and exploratory tasks. The results of their solving by
school students were subjected to qualitative and quantitative
analysis on the basis of a special quantitative scale at the
background and productive stages. The following indicators were
considered as the main characteristics of the alternative style of
thinking: readiness to actualize unusual associative links; the
ability to perceive the problem in an unusual way; readiness to
build initially unobvious alternative constructions (an openness to
an extraordinary combination of elements (“game-research”); the
ability to alter actions; the ability to re-construct the acquired
information in accordance with the structure of the problem
domain [25]).

The data collection technique was implemented using special
diagnostic approaches based on the use of two-level tasks. Each
diagnostic task included two parts. In the first part, it was proposed
to solve a task that involves finding a solution based on the
actualization of an alternative task structure with a similar solution
method. The second part included questions for which the students
did not have clear guidelines. The purpose of posing these
questions was to give students a certain "hint" about the possibility
of developing the initial task. Attempts to find such answers
testifies to the presence of a certain orientation of the students
towards the search for alternatives. At the same time, students were
required to set goals independently, (in particular, when they
formulated tasks); focus on finding the most general way of action;
effectively “translate” the information contained in the original
problem into an alternative mathematical language; engage in full-
fledged reflection on the revealed meaningful interrelationships.

The data collection technique was implemented using a special
diagnostic intervention based on the use of two-level educational
search tasks. Each diagnostic task included two parts. In the first
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part, it was proposed to solve a task that involves finding a solution
based on the actualization of an alternative task structure with a
similar solution method. The second part included questions for
which the students did not have clear guidelines. The very purpose
of posing these questions was to give schoolchildren a certain
"hint" about the possibility of developing the initial task situation.

Already the presence of attempts to find such answers testifies
to the presence of a certain orientation of the senior pupils towards
the search for alternatives. At the same time, the ability to engage
in relatively independent goal-setting was required (in particular,
when drawing up tasks); focus on finding the most general
approach; effective "translation" of the information contained in
the original problem into an alternative mathematical language;
full-fledged  reflection on the revealed meaningful
interrelationships (for example, when completing the definition of
the task situation). The following are examples of such tasks for
consideration.

Task 1:

e Let D be the point of the AC side in the ABC triangle; r, rl
and r2 the radiuses of the inscribed circles of the triangles
ABC, ABD and BDC, accordingly. Prove thatr <rl + r2.

e Is it possible to extend the proved inequality to a larger
number of inscribed circles? (You can, for example, divide
the AC side into more parts, or take point D inside the ABC

triangle).
B
A D C
Figure 1: lllustration of the task
Task 2:

e Prove that the bisector of the exterior angle at the vertex of
an isosceles triangle is parallel to the base.

e How many ways of proof can you suggest? (The number of
proposed and successfully implemented methods is
considered).

To establish an ordinal measurement scale, a preliminary
assessment of possible answers was carried out and a weighted
assessment in points was made. Completion of only the first part
of the assignment was assessed by one point, a purposeful attempt
to answer the question of the second assignment added one more
point, while the performance of the second part of the assignment
was assessed by two points. If, when completing the second part
of the tasks, the student offered at least three answer options, then
one more point was added to the total number of points. Thus, the
student could receive a maximum of four or five points for one
task. The total grade that could be obtained for completing the
entire work, including four tasks, did not exceed 18 points. Three
categories of students were identified. A student who received
from 0 to 6 points corresponds to the initial level of the formation
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of an alternative style of thinking; students who received from 6
to 12 points were assigned to the intermediate level, and from 13
to 18 - to the high level.

Comparison of the results of the tasks performed by the
students of the experimental and control groups showed that the
purposeful use of the methodology for devising meaningful
alternatives in the study of mathematical material significantly
influenced the increase in the readiness of students to successfully
solve mathematical search problems.

5. Research Results
5.1. Levels of formation of an alternative thinking style

With regard to mathematics, the characteristics defined above
can be actualized in solving math tasks, the solution of which
involves implementation of a certain set of intellectual procedures.
These procedures are reflected in the exploratory activity of school
students, corresponding to the levels of its development [16].
However, their status varies at different levels (Table 1).

Table 1: Levels of Formation

Levels of Dominant
formation way for Selection Nature of the
of an Object of the |actualizing an | criteria for an intellectual
alternative |  analysis alternative alternative procedures
thinking style of search involved
style thinking
Desire to Random
External « C ;
. function chaotic or
;. A particular | (based on - L .
Initial task strict external strictly within systematic
. the prescribed search for
requirement) - .
range of choice alternatives
Selection of a
technique by
The choice is analogy with
determined by the solution
. General task |Mixed (result- | different model of “related”
Medium L . h
situation oriented) representations tasks,
of the task accompanied
situation by its
experimental
verification
Selection of a
heuristic
Independent and procedure
reasonable generated by
Internal C
. System of variation of the purposeful
High (search- - SR
related tasks oriented) conditions and modification
requirements of of the
the task components
of the task
domain

This scale of levels allows us to outline a strategy for the
consistent formation of an alternative style of thinking, based on
the use of systems of special tasks which are presented below.

5.2. Substantive and Methodological Tools

5.2.1. Enumeration of Alternatives

We now consider the main methodological features of the
formation of an alternative thinking style of school students during
their moving up the “ladder of levels”.

At the initial level, alternativeness is directly related to the
selection of possible task options, and its transformation. It is
important that the expediency of such a choice should acquire a
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subjective personal meaning for a school student. According to
Zinchenko, it means that the subject has a special type of
“awareness of ignorance of some knowledge”, or “an emotional
experience of ignorance of some knowledge”, as stated by
Konstantin Pigrov. Johann Amos Comenius qualifies such
awareness as the source of the thirst for knowledge.

Let us consider an example of actualizing an alternative
thinking style of students by enumerating alternatives presented in
a particular task situation.

There are three criteria for congruent triangles with different
combinations of angles and sides of a triangle studied in school
course of planimetry. If we enumerate possible combinations, we
can formulate some more statements (with two angles and a side
opposite to one of the angles; with two sides and an angle opposite
to one of the sides; and with three angles).

Figure 2: lllustration of the task

The first criterion formulated by students can serve as a starting
point for studying the sum of angles of a triangle.

In the second case, we consider the fourth criterion for
congruent triangles with two possible solutions for constructing a
triangle from the corresponding elements based thereon (Figure 2).
The unambiguity of the solution can be provided by the additional
condition of uniformity of the angles at the vertex B of one
triangle, and the corresponding vertex D of another triangle.

Finally, the obvious inequity of a criterion for congruent
triangles by three angles naturally raises the question of
congruence of triangles.

The described alternatives matrix can be clearly presented for
school students on the basis of a directive that includes all the
selected cases (Table 2).

This example shows the possibility of actualizing an alternative
thinking style of a student by enumerating various specific models
of a common task, aimed at identifying all combinations with a
minimum number of triangle elements, unambiguously
determining its construction when considering standard
mathematical material.

To conduct further exploratory activity, we should move away
from traditional stereotypes and apply well-known heuristic
procedures [2, 3, 8, 9, 11, 22, 26].
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Table 2: An Example of a Directive for School Students

Criteria for . . . .
Constructing triangles given | Solving
congruent .
. three elements triangles
triangles
1. Two triangles Angle o is
are congruent if found
two : according to
corresponding triangle
angles and the b a angle sum
side in between I thgorem, .
are equal (a — : Sige ¢ 1S
side: o and : calculated
» @AY~ by the law
angles). o . of  sines;
(Construction is possible and|side b s
unambiguous at y + # < 180°) [found
according to
the law of
cosines.

For example, we consider the replacement of structural
components of the task domain. With regard to school
mathematical content, the mentioned procedure can be actualized
with the help of a specific teaching technique, namely, “he (she, it)
does not know what he (she, it) really is.”

We illustrate this statement with the following artificially
constructed example. Consider the usual quadratic equation x2 —
13x 4+ 36 = 0. This equation obviously involves numbers and
letters. Now we make an assumption that “numbers do not know
that they are numbers, and letters do not know that they are letters.”
In other words, “the humber 6 does not know that it is a known
number, the letter x does not know that it is an unknown number.”
Let us find the number 6:

13x
62—(—)><6+x2=0
6
_169x2 _25x2
~ 736 *= 36
13x 5x 5
e T i/ X
6=ﬁ=?=>2x=18 x=9
X X
66 6 3 512 x=4
Ty T ToerT e XE

This example illustrates the potential for an alternative search
for thought, being opposite to the standard algorithm. According
to Zinchenko, it is “at the junction of opposite processes of value
comprehension and signification of meanings that new images are
born, conveying certain meanings and making the meaning
visible” [1].

The specificity of this approach is constant correlation of the
original design for task solution with its alternatives forming the
basis of this solution in a new semantic paradigm. The logic of an
exploratory process using the adopted approach is shown in
Figure 3.
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Revompec

Original Task Design | —* Finding Solution 1 F Solution 1

N

Generalization Task

Farssight
- R N
Alternative = FimdingSoltion2 [—| Solution2

Rewrospect

Updating

Developmant

Figure 3: Schematic for an exploratory process

This schematic demonstrates updating of possible alternative
problem-solving in the process of sequential reformulation of the
task situation, ensuring effectiveness of the exploratory process
being implemented.

Here are some examples of such updating when solving non-
standard tasks:

“The number does not know that it is a letter”

.254%399-145
Calculate:——————
254+4399%253

ab—(b-a) _

Solution: Let a=254, b=399. Then =
a+b(a-1)

(Soros Olympiad, 1994/95, Round 1, Grade 10)

. 1-2(17.3)3 17.3-(2-(17.3)3
Calculate: (1+(17.3)3 )3+ ( 73 )3+ (17.3)3

_ 3 3
Solution: Let(17.3)3=a. Then % +a=-=1
(Republican Mathematics Olympiad, Kiev, Ukraine)
Which number is greater?

10196741 10196841
10196841 10196941’

.o .oatl 10a+1
Solution: ;
10a+1 100a+1

100a? + 101a + 1 v 100a? + 20a + 1
101 > 20
Prove that1993x19953—- 1994x19923is an integer cube.
Solution: 1994 = q;
(a-)x(a+ 1)3-a(a—2)3 == Ra—-1)3

“Algebraic or numerical expressions do not know that they
are letters”
(Intellectual Marathon, 1992)

. 1 L
Find the sum: T + .
14 T 2+ T
14 T 3 :
3+ T 4+ T
4+ T S+t
Solution:———+->=—+==1.
14— A A A
A-1
x24x42 x24x46

Solve the equation — == :
3x4+5x—14 3x4+5x—10

Solution:%=ﬁ=>g= 1,3x2+5x—14=x2+x+2 ...
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Answer: x=2, x= - 4.

It is clear that the described principle of transition to
meaningful alternatives can also be used when considering
geometric configurations: “The angle does not know that it is
exterior”; “The circle does not know that it is escribed,” etc.

Let us consider an example of the exploratory process to
analyze one of configurations.

Example. Prove that the sum of angles DBE and CAM does
not depend on the choice of the line I (Figure 4).

Figure 4: lllustration of the task

Itis proposed to consider the line CM as a dynamic image that
can move relative to circles, and turn into a tangent to both of them
(“a secant does not know that it is a tangent”). Similarly, it’s
possible to move from an intersection to an external contact of
circles (“intersecting circles do not know that they are just tangent
to each other™).

We obtain a chain of alternative configurations, which are
degenerate cases of the initial one (Figure 3). The latter naturally
leads to a derivative task situation.

Example. Find the angle CAE, where point A is the point of
external contact of two given circles, and CE is their common
tangent.

Solving the task, it is possible to assume that the angle CAE,
considered as the sum of two angles, obtained at the intersection
of the line CE and common tangent to two circles, is equal to 90°.
As for the original geometric configuration, we consider the secant
lines CM and AB as analogs of common tangents in a degenerate
alternative construction. As in the degenerate case, the solution
consists of expressing the angles forming the angle CAM, via the
angles of the triangle BDE.

~CAB = 1/2(CDB = %(360° — (CAB) = %(360° —
2CDB) = 180° — ~.CDB = /BDE.

Likewise, ~BAM = BED Then,
~BAM = BDE + ZBED = 180° — ZDBE.

Finally, we get: ZCAM + £ DBE = 180°.

~«CAM = CAB +

Thus, we have shown that by highlighting the key link
(determining the successful search) based on a meaningful analysis
of the alternative configuration, one can successfully update the
relevant considerations when examining the original one.

5.2.3. Structuring the Task

Since the use of an alternative style of reasoning is regarded
by the student mainly as a local intellectual act in understanding
the task situation at previous levels of mathematical development,
then it is associated with the possibility of free and informed
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choice from a combination of implicitly presented meaningful
alternatives at a higher level. It is quite obvious that in this case
the heuristic potential for choosing alternatives increases
significantly. Thenceforward, the larger set of heuristic
procedures the student actualizes, and the more systemic they are,
the more efficient a person’s intellectual development is.

Successful procedure for an informed alternative choice
becomes one of the main instruments for maintaining an active
exploratory activity in schoolchildren. One of the most effective
methods for creating an opportunity for such a choice is a step-by-
step transformation of components of a task situation as applied to
mathematics education, leading to the construction of a sequence
of new task structures, somehow related to the original one, which
is accompanied by their comparative analysis. The advantage of
such work stems from the fact that the initial intellectual activity
of a student does not stop when the solution of the original problem
is completed. Moreover, it receives an additional heuristic impulse
during its transfer to new substantive content, ensuring full
realization of his individual trajectory of development.

Transformation of task structures can be potentially
implemented in many alternative formulations, determined by the
choice of the involved techniques, or their expedient combinations.
As a result of specially organized joint work of subjects of the
educational process, one can obtain a whole cycle of alternative
derivative tasks based on some initial mindset. The main
methodological problem in this case is to ensure effective
anticipation of the most promising and available areas of
exploratory activity for implementation at the particular stage of
training.

We consider one of such complexes, obtained by successive
generalization of the following original situation.

Original Task. Construct a circle that is tangent to the lines m and
n (m//n), and to the circle (O, r) lying between these lines.

Having changed the location of this circle (“the circle lying
between two given lines does not know that in fact it does not lie
between them”), we get the task:

Task 2. Construct a circle that is tangent to two different parallel
lines, and a given circle.

If in Task 2 we consider that the lines coincide (“the lines do
not know that they coincide”), then we get the following task:
Task 3. Construct a circle that is tangent to a given line at a given
point M thereon, and a given circle that is tangent to this line.

Having ignored the condition of tangency of a given circle and
line (“the circle that is tangent to the line does not know that it
actually is not tangent to it”), we get the following task:

Task 4. Construct a circle that is tangent to a given line at a given
point M thereon, and a given circle.

Having ignored the condition of tangency at a given point
(“the circle does not know at what point it is tangent to the line”),
we get the following task:

Task 5. Construct a circle that is tangent to a given line and a
given circle.

Having replaced a line with a circle in Task 5 (“the circle does
not know that it is the line”), we get the following task:

Task 6. Construct a circle that is tangent to two given circles, and
to one of them at a given point.

Having replaced a circle with lines in Task 6 (“the circle does
not know that it is two lines”), we get the following task:
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Task 7. Construct a circle that is tangent to the lines m and n (m//n),
and a line ¢ intersecting the lines m and n at points K and L, Kem,
Len.

Using alternative task structures in the educational and
exploratory work, ideologically related to the original task
situation, a teacher gets the opportunity to stimulate an exploratory
activity of school students, while enriching and improving their
intellectual and personal potential.

It is important to note that similar procedures can be visualized
quite effectively using a modern software environment. By
selecting, swapping, and moving the initially actualized and
background elements of considered mathematical structures with
a manipulator, one can obtain alternative constructions that allow
“seeing” a potentially successful area of an exploratory activity [6,
31, 32, 35].

6. Approbation

A unified, generally recognized methodological concept of the
formation of an alternative style of thinking by students in
mathematics lessons presumably is not provided in real school
practice. The test of this hypothesis was carried out within the
framework of the first stage of the experiment, the main task of
which was: to study the nature of the spontaneous influence of the
process of "natural” development of the content of school
mathematics courses and the personality traits of the teacher on the
effective actualization and formation of an alternative style of
thinking in schoolchildren.

To confirm this fact, the results of the tests performed by 80
students of grades 3-4 of a number of schools in Penza (Russia)
were analyzed. Control work included tasks that imply elements of
the study of task structures and the feasibility of enumerating
alternative options for the search process. Evaluation of their
implementation in points took into account the characteristics of
the levels of development of the alternative style of thinking
presented above. The data obtained indicate that more than half of
the surveyed schoolchildren can be assigned to the initial level of
such development (52%), 39% to the average level, and only 9%
to the high level. These data indicate that teaching mathematics in
itself in accordance with the current curriculum does not yet
provide a high level of development of the alternative style of
thinking of schoolchildren.

Approbation of the proposed methodological solutions was
carried out in two segments, differing from each other in the
number of students involved and the nature of the experimental
work.

1. A "free" experiment was carried out in several schools,
gymnasiums and lyceums in Penza (NeNe 3, 6, 11, 12, 42, 47),
covering about 200 students. It was preceded by a lot of
preparatory work. In the course of its implementation, we read a
series of lectures for teachers in the field of advanced training, as
well as mathematicians of the final year of Penza State University
(as part of elective courses), in which the listeners were
familiarized with the main theoretical provisions of the developed
concept and a number of teaching materials.

Additional group and individual consultations were held with
teachers who expressed their willingness to take part in the
experiment. A special role in the implementation of this strategy
was given to the initial and current diagnostics of relatively stable
indicators of the development of an alternative style of thinking in
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order to clarify the individual educational trajectory of a particular
student.

The experimental work was carried out for two years in
accordance with the above recommendations, taking into account
the achieved level of development of objective motivation.
Throughout this period, regular observations of the course of the
educational process were carried out, open lessons were organized,
laboratory experiments and conversations with students were
conducted.

Without purporting to be an exhaustive categorical conclusion,
we consider it possible to note certain positive shifts in the
development of the alternative style of schoolchildren’'s thinking,
which were found in a significant number of the schoolchildren
who participated in the experiment. These schoolchildren have
significantly increased their interest in solving tasks of a creative
and research nature. Moreover, when performing such tasks, they
in most cases independently transformed their conditions on the
basis of implementing alternative search strategies possible in a
given situation. In the course of studying the theory, the students
involved in the experiment tried to "get ahead" of the teacher's
plan, "to see the goal from afar." At the same time, a certain
independence of judgment became more characteristic of them,
expressed in a more critical and reflexive attitude to the decision
made, the desire to supplement and improve it in relation to both
the analyzed situation and a wider class of mathematical concepts.

2. The "local" experiment was carried out in one of the lyceums of
the city of Penza, where one of the authors of the article worked
for 10 years as a methodologist and teacher of mathematics.
Purposeful experimental work in line with the studied issues was
carried out at the Lyceum for three years from 2018 to 2020. At
the beginning of this work, the teachers of mathematics of the
experimental classes were given explanations of its goals and
content, discussed the possibilities of implementation, and
proposed educational materials that included systems of tasks of a
special type corresponding to different levels of formation of an
alternative style of thinking. Ongoing consultations were offered
to teachers in the course of attending lessons, analyzing the results
of control and cross-sectional works.

To partially confirm the effectiveness of the proposed tools,
the results of 52 students in grades 3-4 were analyzed separately,
some of whom worked according to the traditional method (27
students), and the other part according to the methodology
proposed by the authors (25 students). At the first stage of the
study, a number of introductory tests were carried out, consisting
of tasks that imply elements of the study of task structures and the
feasibility of enumerating alternative options for the search
process. The distribution according to the levels of formation of
alternative thinking of schoolchildren was carried out in
accordance with the criteria reflected in the section "Materials and
Methods".

Table 3: The results before the experiment

Levels of formation Before the experiment
of ATS Experimental group|  Control group
Quantity % Quantity %
Initial 12 48 12 44,4
Medium 8 32 10 37
High 5 20 5 18,6
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Table 3 and Figure 5 show that the level of formation of the
alternative style of thinking in both groups is rather low. About
half of all subjects are at the elementary level, and only about 20%
of students have reached a high level.

&0

50

30
20
i I I
0
1 z 3

m Experimental group  m Check group

Figure 5: The results before the experiment

The data obtained were statistically processed using Pearson's
chi square test (goodness of fit). The processing results are shown
in Table 4.

Table 4: The results before the experiment

L | Qemp
evels _0.)2
off Q-Q: | (@0 | Qirq. | %)
ATS Q:+Q;
Experimental | Control
group group
Initial 12 12 0 0 24 0,00
Medium 8 10 -2 4 18 0,22
High 5 5 0 0 10 0,00
z 25 27 0,22

The data in the table indicate the absence of significant
differences in the level of development of the alternative style of
thinking among students in both groups (empirical value of
Pearson's criterion X2 = 0,22). In other words, the nature of the
distribution of schoolchildren according to the levels of
development of this style was initially approximately the same.

Experimental work within the framework of this study was
carried out for two years. In the course of teaching, the pupils of
the experimental classes were offered the tasks described above,
corresponding to their level of formation of an alternative style of
thinking. For the initial level, emphasis was placed on an
alternative enumeration of mathematical structures, to which tasks
were added to replace the structural components of these
structures. At the second and third levels, schoolchildren
purposefully worked on a relatively independent compilation and
analysis of task systems in accordance with the concept presented
in the article.

As a result of the experimental work control measures were
again carried out.

Comparison of the dynamics of changes in motivational
characteristics in the selected groups of students (Table 5) showed
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that over the same time interval in the experimental classes, about
40% of students moved to a higher level of development of an
alternative style of thinking, while the number and distribution of
pupils at each of the levels in the second group changed
insignificantly. A few students in this group even showed a slight
decrease in interest in mathematics, explained by their future
professional choice (not related to mathematical activity).

Table 5: The results after the experiment

Levels of formation After the experiment
of ATS Experimental group|  Control group
Quantity % Quantity %
Initial 3 12 10 37
Medium 9 36 13 48,2
High 13 52 4 14,8

The data obtained were again subjected to statistical
processing using Pearson's chi square test (goodness of fit). The
processed results are shown on Figure 6 and in Table 5.

60

40
30
20
. N
0
1 2 3

m Experimental group  m Check group

Figure 6 The results after the experiment

The results of statistical processing of the data obtained
indicate the appearance of significant differences in the analyzed
indicator between the schoolchildren of the control and

experimental groups (Pearson's criterion X 2= 9,26)

Table 6: The results after the experiment

Qemp
Levels 0.2
off Q1-Q: | (Q-Q2)? | QutQ. (Q1-Q)
ATS Q;+Q,
Experimental | Control
group group
Initial 3 10 -7 49 13 3,77
Medium 9 13 -4 16 22 0,73
High 13 4 9 81 17 4,76
= 25 27 9,26

In other words, we found a significant difference between the
distribution of characteristics of the formation of the alternative
style of thinking of schoolchildren in the studied groups of
schoolchildren. This difference indicates that the developed
methodological solutions are more effective than the traditional
ones in terms of the formation of the specified style.
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In general, it can be stated that, as evidenced by the results of
approbation, the described level-by-level strategy for the
formation of an alternative style of thinking of schoolchildren in
the process of teaching mathematics proved to be quite effective
both in terms of the gradual formation of students' readiness to
overcome their initially one-sided attitudes, and in terms of the
development of their cognitive activity generally.

7. Conclusions and Suggestions

In the course of the study, the author's concept of the level-by-
level formation of an alternative style of thinking of
schoolchildren in mathematics lessons was developed. As the
main means of such formation, it is advisable to consider special
tasks that provide for the presence of alternative options for
analyzing the elements of its subject area. Within the framework
of this concept, the following scientific and methodological
results were obtained:

e The important role of the alternative style of thinking is
revealed, which underlies the realization of human
intellectual activity and which ensures effective interaction
with the environment and the ability to tolerantly respond to
its diversity.

e Itis shown that in the framework of mass school education,
insufficient attention is paid to the formation of such a style.
As a result, as many publications testify, many
schoolchildren master the methods and techniques of
educational and search activity as rigid algorithmic structures
that hardly allow variation of semantic positions with respect
to the concepts under consideration and the relations between
them.

e A mathematics course has great potential in terms of the
formation of an alternative style of thinking, as it is
characterized by the presence of a variety of problem
material, the mastering of which is possible from various
positions and using various methods. For the full realization
of this potential, an adequate pedagogical format is required,
within which an alternative style of thinking can be
actualized. As such a format, it is advisable to consider the
joint activity of a teacher and students in solving special tasks
that provide for the availability of alternative options for
analyzing the elements of their subject area.

e When planning work on the development of an alternative
style of thinking for schoolchildren in the process of teaching
mathematics, it is advisable to single out a number of levels
of formation of this style, the multifaceted characteristics of
which are presented in the text of the article. This
characteristic formed the basis for the development of
diagnostic tools that ensure the assignment of a student to the
appropriate level.

e The content of the work revealed the transition of
schoolchildren up the "ladder of levels". At the initial stage,
such work is directly related to a basic enumeration of
possible options for the state of a particular task structure and
its possible transformation. At the next stage, a purposeful
search for opportunities to connect the problem situation
under consideration with a more familiar alternative problem
structure by reformulating its condition is carried out, as well
as identifying how promising this structure is in terms of
choosing a possible search direction. Finally, at the third
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stage of the work, the alternative style of thinking is
actualized as a result of a conscious free choice from a
number of implicitly presented meaningful alternatives. Such
a choice can be provided on the basis of a step-by-step
transformation of the components of the task situation,
leading to the construction of a sequence of new alternative
task structures, which is accompanied by their comparative
analysis.

e On the basis of the selected theoretical positions, teaching
materials were developed, which were successfully tested in
a number of schools in Penza (Russia) over a number of
years. As evidenced by the results of approbation, subjected
to statistical processing, the level-by-level strategy, as
described by the author, for the formation of an alternative
style of thinking for schoolchildren in the process of learning
mathematics proved to be, on the whole, quite effective both
in terms of forming students' readiness to overcome their
initially one-sided attitudes, and in terms of developing their
cognitive activity on the whole.

At the next stage of the research, we plan to organize a wider
pedagogical experiment to determine the optimal means of
implementation of the proposed recommendations into a
meaningful compilation of various programs in mathematics for
different countries and regions.
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