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~A (1) + ol 2w = d(x)

[Vu[P)
ulP® +1

1,
ue WP,

+ f—divg(x) inQ,

where Q) is an open set of RN, possibly of infinite measure, also we will
give some regularity results for these solutions.

1 Introduction

In recent years, there has been an increasing interest in
the study of various mathematical problems with vari-
able exponents. These problems are interesting in ap-
plications (see [[1]], [2]]]). For the usual problems when
p is constant, there are many results for existence of
solutions when the domain is bounded or unbounded.
For p variable, when the domain is bounded, on the re-
sults of existence of solutions, we refer to [[3]], [4], [5]],
when the domain is unbounded, results of existence of
solutions are rare we can cite for example [[6], [7]].

In the case where Q) is a bounded, and for
1< p <N, In [8]] authors studied the problem:

—diva(x,u,Vu) = H(x,u,Vu) + f —divg
uew,?(Q),

in D'(Q),

where the right hand side is assumed to satisfy:
felNP(Q)ge@NTH@Q)N.

Under suitable smallness assumptions on f and g they
prove the existence of a solution u which satisfies a
further regularity.
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In [9] in the case of unbounded domains Guowei
Dai By variational approach and the theory of the vari-
able exponent Sobolev spaces establish the existence of
infinitely many distinct homoclinic radially symmetric
solutions whose WP®)(RN)-norms tend to zero (to
infinity, respectively) under weaker hypotheses about
nonlinearity at zero (at infinity, respectively).

The principal objective of this paper is to prove
the existence and some regularity of solutions of the
following p(x)-Laplacian equation in open set Q of RN
(possibly of infinite measure):

|Vu|p(x>
|u|P(x) +

uewyPYQ),

-A (X)(u)+a0|u|p(x)_2u =d(x)

P

(1)
where p is log-Holder continuous function such that
1< p_ <pe <N, Apy(u) = div([VulP¥2Vu) is the
p(x)-Laplace operator, ay is a positive constant, d is a
function in L*(Q)). We assume the following hypothe-
ses on the source terms f and g :
f:Q->R g:Q—> RN are a measurable function
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satisfying:
felMP(xeQ:1<|f))),
feLP ((xeQ:|f(x)<1}) (2)
ge LN/l )(Q RN) N LP O RY)

We will proceed by solving the problem on a se-
quence ), of bounded sets after that we pass to the
limit in the approximating problems by using the a pri-
ori estimate (this a priori estimates provide the neces-
sary compactness properties for solutions) from which
the desired results are easily inferred. To this aim,
we can neither use any embedding theorem between
LP)(Q) nor any argument involving the measure of Q,,,
and under suitable assumptions on f and g we prove
some regularity of a solutions u of (I). A similar result
has been proved in [7] where p is constant such that
1 < p < N but in the present setting such an approach
cannot be used directly, because of the variability of p.

The plan of the paper is the following: In Section
2 we recall some important defnitions and results of
variable exponent Lebesgue and Sobolev spaces. In
Section 3 we will give the precise assumptions and
state the main results. In Section 4 we will define the
approximate problems, state the a priori estimates that
we want to obtain. In the Sections which follow we
will prove strong convergence of u,, and their gradients
Vu,,. Section 5 is devoted to conclude the proof of the
main existence results. Finally, in Section 6, we prove
that, if f and g have higher integrability, then every
solution u of (1)) is bounded. More precisely, we will
assume that (2 are replaced by:

feLq(X>({er-1<|f x)|}) for some g(x) > N/p(x),
feLP (fxeQ:|f(x)<1})
g e 'O RY) N 1P W(Q;RY)

for some r(x) > N/(p(x)-1)

2 Preliminaries

In order to discuss the problem (1), we need to recall
some definitions and basic properties of Lebesgue and
Sobolev spaces with variable exponents.

Let Q) an open bounded set of RN with N > 2. We
say that a real-valued continuous function p(.) is log-
Holder continuous in Q) if:

X <——— VYxpeQ
Ip(x)—p(@)l |log|x —yl| Y
such that |x —y| < %,
We denote:

C, (5) = {log-Holder continuous function

p:Q > Rwith1<p_<p, <N},

www.astesj.com

where:

p_ = essminp(x)

py = esssupp(x).
xeQ) o)

xeQ

We define the variable exponent Lebesgue space for
p € C,(Q) by:

LPY(Q) = {u : Q > R measurable : j lu(x)P¥dx < oo},
Q
the space LP*)(Q) under the norm:

_ ) (%) p(x)
1l g0y = inf{A >0 L | PWdx < 1}
is a uniformly convex Banach space, and therefore re-
flexive.

We denote by LP'®¥)(Q ) the conjugate space of
LPO(Q)) where i 1 p,}x =1 (see [0, I1]).
Proposition 1 (Generalized Holder inequality [10,11]])
(i) For any functions u € LPX(Q) and v € LP'¥)(Q), we

have
]
R ey L
p .

(ii) For all pl,pz € C+(5) such that: py(x) < pa(x) a.e. in
Q, we have: LP2X)(Q)) < LP1X)(Q)) and the embedding is
continuous.

)”VHLP’(X)(Q)-

Proposition 2 ([10,1]]) If we denote
u)= j [ulP@dx  Yu e LPY(Q),
Q

then, the following assertions hold

(i) ||u||Lp(x)(Q) <1 (resp,=1,>1)ifand only if p(u) < 1
(resp, =1,>1);

(ii) ooy > 1 implies ull'yy ) < p(u) <
03y @ Nty < 1 implies [l ) <

1= .
o) < [l

(iii) ||u||Lp(x)(Q) — 0 if and only if p(u) — 0, and
llull o)) = o0 if and only if p(u) — oo

Now, we define the variable exponent Sobolev space
by:

WLPM(Q) = {u € LPY(Q) and [Vu| € LPY(Q)},

with the norm:

”u”WLP(X)(Q) = ””||Lp(x)(Q)+||Vu||Lp(x)(Q) Yue Wl'p(x)(Q)-

We denote by Wol'p(x)(Q) the closure of Ci°(Q)) in
Wl’p(x)(Q), and we define the Sobolev exponent by
* N

pix) = NJJ;ZCX)) for p(x) <N

Proposition 3 ([10,12]) (i) If1<p_<p, <oo, then

the spaces W'PX)(Q)) and Wol’p(x)(Q) are separable
and reflexive Banach spaces.
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(i) If g € C.(Q) and q(x) < p*(x) for any x € Q, then hold, and let (uy,), be a sequence in Wol'p(x)(Q) such that
the embedding Wol’p(x)(Q) s LI0)N(Q) is contin- U, — U in Wol,p(x)(Q) and
uous and compact.

(iii) Poincaré inequality: There exists a constant C > 0, J. [a(x, 11, Vit,) — a(x, 11, V1)V (1, — 11)dx — 0,  (9)
such that: Q

1p(x)
ull; pix < C|IVull; pex YueWw Q).
el Q) Vil @) 0 () then u, -> u in Wol’p(x)(Q)for a subsequence.
(vi) Sobolev-Poincaré inequality : there exists an other
constant C > 0, such that: We define the operator:

. bp(x) -1,p’(x) .
lllypoy < CVullpoqy Vue WPy, Rt Wo () = WRETEL,), by:

The symbol — will denote the weak convergence, _ _ 1p(x)
and the constants C;, i = 1,2,... used in each step of Ry, v) _J el u)v=Hy(x,u, Vujvdx - Yv e W™ (Qy).

proof are independent.
by the Holder inequality we have that:

3  Approximate problems and A forallu,vewy”"(Q,),

priori estimates
| j c(x,u)v—H,(x,u, Vu)vdx|
In this section we will prove the existence result to the Q,
approximate problems. Also we will give a uniform < 1 1 )
estimate for this solutions u,,. = (p_ * P’ )[”C(X’M)HLP @@, lire,)

+{[Hy(x, 10, Viu)ll o ) 2o
Approximate problems () ( ")]

11 : Pl
For k > 0 and s € R, the truncation function Tj(.) is = (_ + _/)[(f (|c(x,u)|1’ ®dx + l)p
. p- p- Q,
defined by: .
(%) =
T ( )_ S lf |S| S k, (4) +(J;) (|Hn(x: M,VM)IP x dx+ 1) ]”v”Wl P(x (Q )
kg iflsl> k.
Then:
Let Q,, = QN B,(0) where B,,(0) is the Ball with
center 0 and radius n, we consider the approximate
problem: |f c(x,u)v+ H,(x, u,Vu)vdx)

A, \(u,)+c(x,u,)=H,(x,u,,Vu,)+ f, —di in Q,,, #
P(~)( n) +c(x, uy) 111(() n n)t+fn—divg, inQ, (i _/)[(J |u|p )dx+1) 7
€ Wy PH(0,) L), e

(5) o
with c(x,u) = aplulP™2u, H,(x,5,&) = T,(H(x,s,£)), (J dx+1 ]”U”wlp (Q,) (10)
H(xs,6) = d(x>|s',§!+m, fu¥) = T.(f(x)) and ) 3
(x)—ﬂ Let us remark that |H,| < |H| (_ [ |u|p dx+1)
8= Tl nl = 15 p-
|Hyl <n|ful <|fland |g,[ <gl. na
. ful <1f Snl =18 ( P meas(Q),, +1) Ivllwiewq,)

+
Lemma 1 ([13])) Let p be a measurable function and <Gyl
> 1 1,p(x) »
s > 0 such that sp_ > 1 then |||fFllpeo ) = ||f||SLp(X)(Q) WIP(Q,)

for every f in LPY)(Q).

Lemma2 ([3]) Let a : Q x Rx RV — RN be a
Carathéodory function (measurable with respect to x in
Q for every (s,&) in Rx RN, and continuous with respect

to (s,&) in R x RN for almost every x in Q) and let us
Assume that:

la(x,5,€)] < BK (x) + s~ + 1P, (6)
a(x,s,€)E 2 al& P, (7)

la(x,s,&) —a(x,s,E)|(E-&)>0 forall & =& inRY,
(8)  where Au = —Ap(x) (1)

Lemma 3 The operator B,, = A+ R,, is pseudo-monotone
from Wol’p(x)(Qn) into WP (X)(Q,)). Moreover, B,, is co-

ercive in the following sense
(Buv,v)

“vaLp(X)(Q”)

for ve Wol’p(x)(Qn).

— +00 as ||Vllwl.p(x)(Q”) Tt

www.astesj.com 143
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Proof: Using Holder’s inequality we can show that the Using and (14), we obtain:

operator A is bounded, and by using we conclude

that B,, is bounded. For the coercivity, we have for any hlkn sup(B,,(ug), ux)

ue Wy"(Q,),

=limsup {j Vi PPdx + J- (c(x, ug) — Hy(x, ug, Vuk))ukdx}
Q

k—oo n Q,

(Byu,u)y ={(Au,u)+(R,u,u)

< J (qudx+J Puudx,
:J |Vu|p(")dx+J. c(x, u)u —H,(x,u, Vu)udx Q Q
Q, Q, (15)
Thanks to (13), we have:

> J\ |Vu|p(x)dx - Cl.“””wl,p(x)(Q”) (u81ng)
Q J (c(x, ug)— Hy(x, ug, Vug)) updx — j Y,udx; (16)
Qn Q”

FY
2 ||Vu||Lp(x)(Qn) - Cl'”u“WLP(X)(Qn)
£
2 a’”””wl,p(x)(gn) - Cl-”””wl,p(x)(Qn) Therefore,

(using Poincaré’s inequality) lim Supf Vi PO dx < f @Vudx. (17)
Q

With k—o0 n Q,
o _ JP- if [IVullppwq,) > 1 On the other hand, we have:
p+ i IVullppeo,) <L 5 5
Then, we obtain: f (V2 PO 2V g = [VuP2Vu) (Vg = Vuydx 20,
(Bu,u) (18)
_— > 400 as ”M”WLP(")(Q ) — 400. Then
””“wl,p(x)(Qn) "

It remains now to show that B, is pseudo- J IVukIP(X)dxz—J |Vu|p(x)dx+j |Vuk|p(")*2VukVudx
Q,

monotone. Let (uy)r a sequence in Wol’p(x)(Qn) such Qn Qn
that: J’ (x)-2
+ [VulPY~*VuVudx,
we—u in W,PY(Q,), Q,
Buup — x in WP M(Q,), (11) and by (12), we get:
limsup(B, uy, ug) < {(x, u).
k—eo lim infj Vi P¥ dx > J oVudx,

We will prove that: k=0 Ja, Q,

x=B,u and (B,ug,ur)— {(x,u) ask— +oo. this implies, thanks to (17), that:

Firstly, since W "(Q,) oo LP(@Qy), then lim | [VigPWdx = J QVudx.  (19)
u — uin LPX(Q,,) for a subsequence still denoted k= Jq, Q,
by (ug - .
We have (uy)g is a bounded sequence in Wol'p(x)(Qn), By combining (14), and ([9), we deduce that:
then ([Vur[P®2Vu;), is bounded in (LP'™(Q,))N, (Buup, ur) = {x,u) ask— +oo.
therefore, there exists a function
@ € (LP'®(Q,))N such that: Now, by we can obtain:

IVuk|P(x)—2Vuk — ¢ in (Lp'(x)(Qn))N as k — co. (12) klim (W”k|p(x)72VMk—|Vu|p(")*2Vu))(Vuk_vu)dx L
Similarly, since (c(x, i)~ H, (x, g, Vi) is bounded in -~ >

LP'¥)(Q),,), then there exists a function P, € LP'™)(Q),) In view of the Lemma[2] we obtain:

such that:

c(x, ug) — Hy(x, ug, Vi) = 1, in LP'9(Q,,) as k — oo,
(13)  then

U — u, Wol’p(x)(()n), Vuy - Vu ae.inQ,,

Lp(x)
Forallve W Q,), we have: ,
0" () Vi [PH=2Vy — [Vu P92y in (LP"™(Q,)N,

(x,v) = lim (B, v)

and

- 1i p(x)-2 ’
= kh_{go 0 Vgl Viy Vvdx c(x, ug)—H, (x, g, Virg) = c(x, u)—H, (x, 4, Vu) in LP 9(Q,,),
+ lim (c(x, uy) — Hy, (x, g, Vit ) Jvdx (14) we deduce that y = B,,u, which completes the proof.

k—oo Joy, ! By Lemma |3} we deduce that there exists at least

: Lp(x)
_ J PVvdx +j ,vdx. one weak solution u,, € W, '(Q),) of the problem (5),
Q, Q, (cf. [14]).
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A priori estimates

Proposition 4 Assuming that p(.) € C.(Q) holds, and let
u,, be any solution of (5. Then for every A > 0 there exists
a positive constant C = C(N, p, ag,d, f, g, A) such that:

<C

Vl

Aluy| _
e 10, (20)

Remark 1 The previous estimate yields an estimate for

the functions el in L;(()i)(Q)for every r € [1,+c0), every

A >0 and every set )y CC Q, one has
lle" 0 ay) < Clrz, A, Qg)

Proof:
For simplicity of notation we will always omit the

index n of the sequence. We take ¢(Gy (1)) as test func-
tion in (5), where

s—k ifs>k,
Gr(s)=s—Ti(s) =10 if |s| <k,

s+k ifs<-k. (21)
and ¢(s)= ( Alsl _ )sign(s).

we have:
J‘wauuWWWﬂGAu»+agf|mﬂﬂ*mxcumn
Q Q
sgLW@wwww@wm{vamuw
{fMWQWMﬂ@w»
Q

=I+]+K,
(22)
For every s in R and if A satisfies:
A>8d (23)
we have:
L,
dlp(s)l < g9'(s) (24)
then
1
t<g [ WaPYeGon e
Q

Before estimating ], we remark that:

~fwck et

where

\f|vqlck WP (26)

Is| 1 Als!
\M@=L(¢awmw=p@Ww%—n (27)

Moreover, we observe that there exists a positive con-
stant ¢, = c;(p, A) such that

lp(s)] < 2 (W(s))PWfor every s such that|s| > 1 (28)

www.astesj.com

Now let us observe that p is a continuous variable
exponent on (2 then there exists a constant 0 > 0 such
that:

p(¥))
Np(y)

N-p@) _ PN —

veBmonQ NP(®) ~ yeBrona

(29)

while Q is compact then we can cover it with a finite

number of balls B; for i = 1,...,m from we can
deduce the pointwise estimate:

PiiN

—2 <N.
N-p_i+p”;

1 <p-i=p+i = (30)

is satisfy foralli =1,...,m
p-i P+ denote the local minimum and the local maxi-
mum of p on B; N Q) respectively

Estimation of the integral J:

Let H > 1 be a constant that we will chose later. We
can estimate J by splitting it as follows:
|mwaww

_Z[f Bin(fI-HIG (0l21)

Ifllp(Gr ()] Ifllo(Gi ()]
+J{|f|>H,|Gk(u)l<1} fllp(Gr(u)) +J;|f|sm fllo(Gy(u)

=l +]+]3

By J1, can be estimated as follows

neafl],

mwwmqu
BiN{If1>H,|Gy(u)>1}

Let € a positive constant to be chosen later. Using
Young, Sobolev’s embedding and Lemma|I|we have:

P
hscj“ FIEHTN 4 2 IVW(Grl)l
(If1>H) Z Bi)

eN 1 ﬁ
sc| ey [ v ]
{If1>H) 8 ;[ B; ]

Np(x) + _ Npyi .
where p*(x) = 1~ ) and p ; = N-p; since (30) we can
choose € such that:
N_ _ )
Poi e < P (31)
Np_i P,

Then using and we obtain that :

hscj 1£]7
{IfI>H)

Remark 2 The cases where ||‘I/(Gk(u))||Lp*<x)(Q) <1or
IV (G ())llpt ) < 1 are easy to see that J; < C (C
depend on the data of the problem)

J“WGA>WW¢%GAM (32)

145
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On the other hand
1 N
peo | Lol )
{IfI>H) H o+ Zf>H)

Finally, if we choose k sufficiently large such that:

agkP-~1 > 4H (34)
We obtain:
Ja < —°f (G ()
(35)
<5 [Pt ig(Giu)
Estimation of the integral K:
Thanks to Young’s inequality, we have:
1
K<g | WGP/ (Gyw)
8 Jo
(36)

+Cy L 1glP" e’ (G (u)),

:K1+K2

The integral K, can be estimated as follows:

Kas C“L Igl”" X " (Gi(w)),

< C4/\e"j g
{IGx(u)I<1}
+ C4 f
Z’ N{Igl>1L,|Gx (u)|>1}

+ c4j '(Ge(w))
{1g1<L,|Gg (u)|>1}

=K1 +Ky0+Ky3

Since ¢’(s) < Cs(W(s))P¥)

we have:

K2’2 < C6 i[j
i=0 “Bi

Let € be a positive constant such that (31). Using
Young, Sobolev’s embedding and Lemma I|we have:

g7 W (G ()]
N{Igl> LGk (u)>1}

6NP(>

ePii
Ky, SC7J |g|N+pC-N +—Z||V‘I’ Gl B,)
{lg>1}
eNp’(x

scyf{lgl>l}|glfN+p g Z[J [V (Gr(w)P ] P

Then using (31) and (26) we obtain that:

p+z

N1
k<G | |g|p<xH+—f IVGi()P g (G )
flgl>1) 8 Ja
(38)
The same as before in the cases where
W (G ()l o) < 1 or IVR(Gr(u))ll o) < 1 it

www.astesj.com

for every s such that |s| > 1,

is easy to check that K, , < C
Finally, using inequality

@’(s) < Cslo(s)l

and choosing k = k(p_, ag, A) sufficiently large such
that:

for every s such that|s|>1 (39)

agkP-~1 > 4C, (40)

we obtain:
a _
ks < [ KO Np(Gutn)
s (41)
<% [ 1P (Gl
0
Putting all the inequalities 22), (29), (32), (33), (35).

7) and (36) together, we get an estimate in
W, p (Q) for Gy (u),when k is large enough:

3 | VG Gyt + 5 [ gt

N N
e - L
{IfI>H} H . lf>H}

, _N__
ccuet [ g [ gl
Q Q

=Cyo(N,p_,py a0 f,8A)

For every A,k satisfying (23), (34), (40) and for ev-
ery H > 1. We fix now A and k such that (42) holds.

As before, If we take @(Ty(u)) as a test function in
we obtain:

f |VTk<u>|P<"><p'<Tk<u>>+aof P (T (1)),
Q Q

(42)

sdj |VTk<u)|P<x>|<p<Tk<u>)|+d<p<k>f VG ()P
Q Q

+ J_Q fllo(Tie(u))] + JQ 18IV Tk (10)lep”(Tic(u))

:L1+L2+L3+L4,

(43)
Using (24), we have:
1
Ly [ WGP )
Q
By (42),
Ly < Co(N,p_,psr @0, f,84) (45)
Remark 3 if meas(Q) is finite or if f € L1(Q) it is easy

to estimate the integral L3

In general case, let € be a positive constant to be
chosen later, we write

L k T,
3 <ol )Lﬂﬂ}|f|+J“f|§}|f||qo< ()

k p(x)
< o )f“f|>l}lf|+e£)l<p(Tk(u))l

+c(e,p’_)f £P)
{Ifl<1}
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Since

Tie ()P < Cyy (A, pas pos Kl (T (1)) P

choosing € such that eCy; <

oo (

%,we have:

a —
Lo < 5 [ WP Tyl + Cratan £, )

(46)
Finally, one has

1 ] ]
Ly< 1 J.Q IV T (u) PP’ (Ti(u) + Cr3(@0, A, pl g, p_ k)

(47)
In conclusion, putting all the estimations ((43) - (47))
together, we get:

1

3 J VBP0 00+ 5 [ (i)

< C14(sz—;l7+; Ofo;f;g; /\)
(48)
In view of and (48), we have:

J- VuPOeAll < J- VulPRI N0 <
(lul<k) (lul>k]

For every A, k large enough (see (23), and (40)),
where C;5 depends on A, k and the data. Since

J (VP Al f (VP Al
Q {lul<k}

+ etk j |Vu|P) AJul=k)
{lul>k}

<Cis

If we fix the value of k (dependmg on 1), we obtain
an estimate of |[V(e** - 1)| in LP®)(Q) (depending on
A). This implies, by Sobolev’s embedding, that:

fo(e/\lul _ 1)P*(x) <Cyy

For every A such that (23) , where C;; depends on A
and on the data of the problem Note that (49 . 9) does not
imply an estimate in LP()(Q)) for el 1, since meas(Q)
may be infinite. To obtain such an estimate, we have to
combine and , since, for every k > 0, one has
the inequalities

f (M1 < g J PO (T (),
(lul<k) Q

J' (Ml 1) < Czoj (el _ 1 ypete)
(lul>k) Q

Therefore, if k = k(A) is such that holds, we can
write

f (Ml _ 1y
Q

= f (el — )P 4 J (M —1)P) < ¢y
{lu|<k} {lul>k}
(50)

where C,; depends on A and the data of the problem.

(49)
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4 Main results

In this section we will prove the main result of this pa-
per. Let {u,,} be any sequence of solutions of problem
(5), we extend them to zero in QO \ QO,,. By (20), there
exist a subsequence (still denoted by u,,) and a function

ue WS'P(X)(Q) such that 1, — u weakly in Wol,p(x)(Q)‘

Theorem 1 There exists at least one solution u of ;
which is such that

J [V ulp™) 2VuV1pdx+J. c(x,u t,bdx+f H(x,u,Vu)ipdx

J-fxpdx Lngpdx.
(51)

for every function i € Wol'p(x)(Q) N L*®(Q). Moreover u
satisfies

M1 e wy M) (52)

for every A > 0.

The proof will be made in three steps.
Step 1: An estimate for fQ IVGp ()P
In view of we have:
J |VGk Uy |p

Q

2 N 2¢(1 N 2C4Ae?
<IE{ e 2L [ e 2

A |f|>H} AH e JUfeH) A

(53)
If 1 is an arbitrary positive number, let us choose H
such that the right-hand side of is smaller than 7.
It follows that, for every k satisfying (34), , every
A satisfying (23), and every n € N

f IV G P
Q

which proves:

supj IVGi(u,)P®) >0 as k—oo  (54)
n Q

Step 2: Strong convergence of VT (u,)

In this step, we will fix k > 0 and prove that VT;(u,,) —
VTi(u) strongly in LP®)(Q ;RN as n — oo; for k fixed.
In order to prove this result we define:

zu(x) =

Tk(un) - Tk(”)

and we choose ¢ a cut-off function such that
PpeCy(Q), 0<yp<l,

II)ZO in QO
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Let us take: 7
v = qo(zn)ealunlll)

as a test function in , where A and 0 are a positive
constant to be chosen later, we obtain:

(55)

An + Bn = J IVunlp(x)_2Vuann<p’(zn)e5|un|¢
Q

+J c(1ty)p(z )l

Q
< dJ- |V”n|p(x)|qo(zn)|e6|””|l,b + J-Q Ifllqo(zn)|e5|”"|1,b
- 5J Vi, PX (z,,)eMolsign(u, )
+ j |Vu,,|1” 0)-1 |V¢||(p(zn)|eélunl

Q
+ L £IVzlg (2,)e Ml

v L gVl + L SV lip(zle!

=C,+D,+E,+F,+G,+H,+L,
(56)
Splitting Q) into Q = {|u,| <k} U
A= f IV Ty (10 P2V T (1) V2,0 (2T
{lunl<k}

+f VP29, V200 ()
{lu,,|>k}

- fl VTGP 2Ty IV TP 29T )

" Vz,,(p’(zn)eélTk(”")ll,b

+J. |VT’<(”)|p(")_2VTk(u)Vzn<p’(zn)e‘5|Tk(”")|1,b
{luyl<k}

o R e T R
{lu, >k}

= Al,n +A2,n +A3,n

since

VT ()P 2V T (1)@ (2,) e My, 1<y
— VT (u) P2V T (1)’ (0)e TN xe ke

almost everywhere in Q (on the set where |u(x)| = k we
have [V Ty (u)[P¥)-2V T (u) = 0)and

IV T ()P =2V T (1) (2,) e T ) x4 1<

< |VulP®1 e’ (2k)e*

which is a fixed function in LP"®)(Q). Therefore by
Lebesgue’s theorem we have

VT ()P 72V T (1)@ (2,) e T x 1 1<y
= (VTP 2V T ()" (00 T <ty
strongly in LP’™(Q). Indeed, Vz, — 0 weakly

in LPM(Q;RN) then Ay, — 0. Similarly, since
VzuXijuy sk} = ~VTe(#)X{u,>¢p — 0 strongly in

www.astesj.com

{lu,| > k} we can write:

(Q;RN),  while |V, PX2Vu,p’(z,)e"ly s
bounded in LP'®)(Q;RN), by (6), and Remark
we obtain Aj, — 0. Therefore, we have proved that:

An :Al,n+0(1) (57)

For the integral B, while ¢(z,) has the same sign
as c(u,,) on the set {|u,| > k} we have

Bn=f C(Ti (1)) 2 )2 T
{lun|<k}

+J‘ C(un)(p(zn)eélunllp

{|u, >k}

= j C(Tk(”n))(P(Zn)eélTk(u“)llp
[unl<k

the last integrand converges pointwise and it is
bounded then f <kl (T (uy))p(zy,)e Ol Tkt |1,b goes to

zero. Therefore, we obtain that:
B, >o(1) (58)

Let us examine C, and D,, together. We first fix 0
such that

o0>d

Since ¢(z,)sign(u,) =
have

|@(z,)| on the set {|u,|>k} we

Co+ By < df Vit P9 oz el

—6J. |V, |P) oz, bl”"lszgn(un)lp

<(d+ 6>f IV T ()P g 2 Tt
{lu, <k}

+(d—6>f V10, P (2, )l
{lu,,|>k}

s<d+a>f IV Ti ()P p 2T
[unl<k

=<d+6)f [V Ty (4P 2V Ti (1)

{lu, <k}

VT ()P

+(d+6)f IV i (0, P 2V T (1) V T (1)
{lu,|<k}

(P(zn)|65|Tk(ltn)|¢

+<d+6>j IV T (1) P2V T 1)V (2T
u,|<k}

2V T3 ()] V2, (2, e Ty

The last two integrals converge to zero.If we choose A
such that:
A>2(d+9)

we have:

@’(s)
2

(d+9)p(s) < for every s in R
then we can obtain:

1
C,+E, < EAI'" +0(1)
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Using Remark [I|we can observe that:
D,—0 (60)

For the term F,, we can see that |Vi||@z,| converge
strongly to zero in L'¥)(Q) for every r(x) > 1. by

the term |V, |P®)=2Vu,e?l is bounded in LZ;EX)(Q)
then we have that:

F,—0 (61)

For the term G,, like before we have:

Gy = j 18122l (z)e?
{lu|<k}

w1Vl ety
{lul>k}
=GintGon

since

1819 ()™ 2 121y = 1810 (0)e T 4 x <y
almost everywhere in (Q and

181" (zu)e™ M x <1 < g’ (2K)e™

Therefore by Lebesgue’s theorem we have:

119" (zn)e™ P x 1, 1<k — 181" (00N x <y

strongly in LP'®¥)(Q). Indeed, Vz, — 0 weakly
in LPO(Q;RN) then Gi1, — 0. Similarly, since
Vzul x>k = V(W)X {u, 5k — 0 strongly in
LP'O(Q;RN), while |glg’(z,)e "l is bounded in
LP’(X)(Q;IRN), by and remark we obtain G, ,, — 0.
Therefore, we have proved that:

G,—0 (62)
Moreover
gl (za)lp — 0
almost everywhere in (Q and
gl (znle < Igllp(2Kk)lp
Therefore by Lebesgue’s theorem we have:

Igllp(zy)lp — 0

strongly in LP'®)(Q)). Indeed, Vu,e’ |l — viyeolt!
weakly in LP(")(Q; RN), then:
H, —0 (63)

Finally, [Vi|lpz,| converge strongly to zero in
L'¥)(Q) for every r(x) > 1. by the term [gedll

is bounded in Lﬁ;ﬁx)(()) then we have that:
L,—0 (64)

Putting all inequalities (56), (57), (58), (59), (60), (61),
(62), and we can conclude:

A, —0 (65)

www.astesj.com

On the other hand we have

f“ VTP 2T ) = T )2V Ty 092,
1, >

@’ (z,) e Tl = f VT ()PP’ (k - Tie(u))e* p — 0
{lu,[>k}

(66)
From and we can conclude that:

, [IV T (14,) P2V Ty (1) = [V T () P2V T ()]
0

(VT(uy) = VTi(u)) > 0
(67)
Finally, using the Lemma[2]we have:

VTi(u,) — VTi(u)  strongly in LP®(Qo; RN)  (68)

Step 3: End of the proof

Observing that:
Vu, —Vu =VTiu, - VTiu+VGru, - VGru

Let (3 be an open set compactly contained in (2, using

and we have:

Vu, — Vu  strongly in LPX)(Qg; RN) (69)

To obtain we have to pass to the limit in the
distributional formulation of problem (5) using (69).
Finally, statement follows easily from Proposition
[4and (69), using Fatou’s Lemma.

5 Boundedness of solutions

In this section we will gave some regularity on the
solution of the problem (1) using an adaptation of a
classical technique due to Stampacchia. To do this we
need the following lemma (see [15]]):

Lemma 4 Let ¢ be a non-negative, non-increasing func-
tion defined on the halfline [kg,c0). Suppose that there
exist positive constants A, u,f, with p > 1, such that

¢(h) <

p
for every h >k > ky. Then ¢(k) = 0 for every k > ki, where

ki =k +Al/ﬂzﬁ/(ﬁfl)(i)(ko)(ﬁfl)/}d

The result that we are going to prove is the follow-
ing:

Theorem 2 Suppose that (3) holds. Then every solution
u of (1); which is specified in is essentially bounded,
and

llunllzo) < C (70)

The proof relies on the combined use of the well-
known technique by Stampacchia (see [15]) and suit-
able exponential test functions, as in [16].
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Proof:  Since we can obtain an estimate for equalities we can deduce that:
Jo 1P (G (u)) then for some constant kg = k(1)
sufficiently large we have j Ifllo(Gr(u))|
Ak+1m{|f|>1}
1
< SIVBGLN

p-g-
where

23||f||p q_{|f|>1} ”(P(Gk( ))”Ll(Ak)

Vip(Gr(u) P + 1dx

meas(Ag,) <1 (71)

Ar={xeQ:|u|>k}

Ak
as before we can take the test function ¢(Gy(u)) then Pt
we have: + C23”f”prE“fbl})||§0(Gk(”))||L1(Ak)
1 1
Z P’ Z
[ e G cao | WP tipGi, =, VOIPEE G gmetag
Ak Ag ‘ Pt
P-9q
IVGi()P Pl (Gifa)) +f FlgGetun  * 2l s IP(GEEir
Ak Ax{IfI>1}

Therfore, choosing kq such that:

e | IgIVGL g’ Gyt L ,
Apn{lfIs1) Ay PN aoky
(72) C23||f”L (If1>1}) T

the second integral in the right-hand side of can
be absorbed by the left-hand side.

In view of Holder’s inequality and and (3)) we have:

(75)
As in the proof of Proposition 4 one has:

L gV G ()l (Ge(w)

) ’ (%)
VG ()PY g (Grlu) + Coa | 18P D (Gi(w)) Ca2¢p'(1) L 8"
Ay Ay K \Ake1 ,
< p'(¥)\1 1’12
and if A > 4d and k > ko(1)(large enough) where < Casl AL 1gl” ) (meas(A))
A
okt > 4 (73) < Coalllgllyreoa)” (meas(Ap)' ™~
where
then , ,
=f [, gl <1
1 , 3a i =9, ,
> | IVGPe (Ge(u) + == | [P Y ep(Gr(u)), i [, 1P >1
2 Ja, 4 Ja, ) k
= if”g”U )(Ax) >1,
< Ifllp(Gr(u))l 0" =1 g
f(Ak\Akmm{lfl»} i ligllprag < 1-
+ J |fllp(Gy(u)) + sz(p'(l)J- |g|P'(x) Finally, with similar calculations, using we have:
A N{If1>1} A\Ag
e C j P’ o’ (Gy(u
“Co [ 1P Gt 2 ],,,, 8o
k+1
(74) <Cau [ 5 (Gl
using Holder inequality we have: H A1 N{lgl>1) g P
+Cu [ p(Gi(w)
| Fllp(Gelw) Aol
(Ak\AkHim“flT} N If we choose kg such that:
< — X meas(Ay)) o+ _
e(1 )(q_ qi)“f”m( )({|f|>1})( (Ax)) aokg, Ly 4Cy, (76)
by Holder’s inequality and interpolation we obtain: then
Cox [ Ig (Gt
i Pl Gitw) Ao
A N{IfI>1} P
N <Cy g7 (G ()]
< fllza- A, niipisplle (G (u ))llzpf'/,, (g 1P (Gr(u ))||L1 ’174:_1) A1 Nllgh>1)
0 | P (Gl
while (28), and using Young’s and sobolev’s in- 4 Ja
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by Holder’s inequality and interpolation we obtain:

czzf 187 ¥’ (Ge(w))
Ags1

’

piN 1 P-’i—N

< Coallgll oz 0GR (G

+ 2| PGl

Ak

as before while (28), and using Young’s and
sobolev’s inequalities we can deduce that:

czzf g7 ¥’ (Gu(w))
Ak+l

1 ) 1

< | WGP et + gmeasiay
Ag

php-r-

- LQPYRN lo(Gr ()1 (a,)

|u|P)=

Np(Gr(w))l
Ak

Therefore, by taking kg satistying (71), (73), (75),

and the further condition:

+ Cosligll;

agp
i

_Php-r— gk’
C25||g||p LE;;RN) TO (77)
one obtains, for every k > kg:
1
L[ G Gt
Ak
< 1 A i, 1 A
P(1 (q7 ||f||m {|f|>1})(meas( k)T +4mea5( )

+ Coaligllrioa,))” (meas(Ap)' ™=
< Co(meas(Ag))™

where m = min( T =, 1- ) in view of (26) and Sobolev’s

inequality we can obtam.

(Lk (GNP < (Gl

< Cyy(meas(Ay)) =

Where:
a= p. if ”Vlzb(Gk(u))”LP(X)(Ak) <1,
P A IVP(Glponay > 1
g [ I IPGHpini <1,
N A I(Gr)lprna, > 1.

We now take h—k > 1 and recall that there exists
Crg(A, py,p_)such that |i(s)| > Cpgls| for every s € R
so that

[Cas(h—k)|P*-meas(Ay) < f

n

(G (u)) P

G p*(x)
st (G (1))

m

< Cyg(meas(Ay))“F

www.astesj.com

Then it follows for every h and k (such that h > k > k)
that

C3o
= [h—kJp-

Since by (3), % >1 Lemmaapplied to the function
o(h) =

meas(Ay) < (meas(Ak))%

meas(Ay) gives:

lunllio@) < C
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