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k; belongs to 1P (Q)
The critical growth condition on g; is the respect to Vu and no growth
condition with respect to u, while the function H; grows as|Vu|Pi~!

In this work, we shall be concerned with the existence ofweak solutions
ofamsotropzc elliptic operators Au + Zl 18i(x,u, Vu)+ ZI 1 H (x,Vu) =

f- ):l 1 9% 2k, where the right hand side f belongs to LPW(Q) and

for i =1,..,N and A is a Leray-Lions operator.

1 Introduction

In this paper we study the existence of weak solutions
to anisotropic elliptic equations with homogeneous
Dirichlet boundary conditions of the type

Au+ YN gie,u, Vu)+ YN i Vu)
_f ZZ 1 axl in Q,

u=20 on&Q,

where Q is a bounded open subset of RN (N > 2) with
Lipschitz continuous boundary. The operator Au =
—Zfil %ai(x,u,Vu) is a Leray-Lions operator such
that the functions a;, g; and H; are the Carathodory
functions satisfying the following conditions for all
selR, & eIRN,E’ eRN andae.in Q:

N
Zﬂz x,8,&)E; = /\Z|g Pi,
i=1
P¥o,o
la;(x,s, &) < plls| Pi + |£i|Pi—1],

(ai(x,5,&) —a;(x,5,& )& &) >0 for & =&,
gi(x,5,&)s>0,

lgi(x,s, )l < L(IsDI&; P Vi=1,....,N,

|H; (x, &)] < bl& Pt

where A,y,b; are some positive constants, for i =
1,..,N and L : R* - R"is a continuous and non de-
creasing function. The right hand side f and k; for i =
1,...,N are functions belonging to LP~(Q)) and LP;(Q)
where p! = I%,péo = % with p,, = max{p*p,}
— = 1 = Np

where p, = max{p1,...pn}, P = TN T N5

N &i=1 p;

Since the growth and the coercivity conditions of
each a; forall i =1,..., N depend on p;, we have need to
use the anisotropic Sobolev space. We mention some
papers on anisotropic Sobolev spaces (see e.g.[1]]-[5]]).

If p=pforalli=1,.,N, we refer some works
such as by Guibé in [[6], by Monetti and Randazzo in
[7] and by Y. Akdim, A. Benkirane and M. El Moumni
in [8].

In [3], L.Boccardo, T. Gallouet and P. Marcellini
have studied the problem when a;(x,u,Vu) =

pi—
% g;',g,—O,Hi=0,k,-=Oandf:yisRadon’s

measure. In [5], F. Li has proved the existence and
regularity of weak solutions of the problem (1) with
g =0,H;=0,kj=0foralli=1,..,N and f belongs to
L™(Q)) with m > 1. In [9], R. Di Nardo and F. Feo have
proved the existence of weak solution of the problem
(1) when g; = 0 for all i = 1,..,N. In [10], we have
proved the existence and uniqueness of weak solution

of the problem (1) but when Au = —val e a;(x,Vu)

(a; depending only on x and Vu).
In this work, we prove the existence of weak solu-
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tions of the problem (IJ), based on techniques related
to that of Di castro in [11] and to the recent work’s Di
Nardo and F. Feo in [9]].

2 Preliminaries

Let Q be a bounded open subset of RN (N > 2) with
Lipschitz continuous boundary and let 1 < py,...,py <
oo be N real numbers, p* = max{py,...pn},p~ =
min{py,..,py} and ? = (p1,.--pn)- The anisotropic
Sobolev space (see [12]))

du

WLT (Q) = {uew“(o) o

e LPi(Q),i = 1,2,...,N}

is a Banach space with respect to norm

X ou
+ = llri
;n 5 i)

The space Wol’p (Q) is the closure of C;°(Q)) with re-
spect to this norm. We recall a Poincarr-type inequality.

LetuecW,”
that (see[13])

llygs:7,0y = Nl

(Q) then there exists a constant C, such

lullzei (@) < Cp || ||Lp, yfori=1,..,N. (1)
Moreover a Sobolev-type inequality holds. Let us de-

note by p the harmonic mean of these numbers, i.e.

:NZI 1p LetueW (
2])) a constant C, such that

% ), then there exists (see
[

N

<c] [ig;

Whereq:ﬁ*:NN—_ﬁﬁif P <Norgqgell+oof if

llullLa () ||LpZ (2)

p > N. We recall the arithmetic mean: Let ay,...
be positive numbers, it holds

N o

]_[a.ﬁ < iiw
i =N e
i=1

i=1

Which implies by

e < S 3 1 2% )
L) S 3 L 7% LPi(Q

When p < N hold, inequality . 1mphes the continu-

ous embedding of the space W P(Q) into L1(Q) for
every g € [1,p"]. On the other hand the continuity of
the embedding W,'? (Q) < LP"(Q) relies on inequal-
ity (1). Let us put p,, := max{px p*}

Prop051t10n 1 For q € [1,p.] there is a continuous em-

bedding W Q)= L19Q
compact.

). If g < poo the embedding is

www.astesj.com

3 Assumptions and Definition

We consider the following class of nonlinear
anisotropic elliptic homogenous Dirichlet problems

N N

_;a—xz.ai(x,u,Vu)+;gi(x,u,VuH

N N 7(9

ZHi(x,Vu) :f—ngi in Q,

i=1 i=1
u

=0 on 0Q),

where Q is a bounded open subset of RN (N > 2) with
Lipschitz continuous boundary dQ), 1 < py,...,py < 0.
We assume that a;: OxRxRN S R, gt OxRxRN - R
and H;: Q x RN — R are Carathodory functions such
thatforallse R, & € IRN,E’ €RN anda.e. in Q:

N N
) aitxs & =AY |&h,
i=1

i=1

(5)

Poo.

lai(,5, ) < ylIsl 7+ 1P,

(ai(x,5,&) —ai(x,5,E NE —&)>0 for & =&,

gi(x,5,&)s >0,

lgi(x,s,&) < L(Is])|&;Pi Vi=1,...,N, (9)

|H; (x, &)] < bl&; Pt (10)

where A,y,b; are some positive constants, for i =
1,..,N and L : R* — IR*is a continuous and non de-
creasing function. Moreover, we suppose that

felP~(Q), (1)

k € 1P(Q) for i=1,..,N. (12)

5
Definition 1 A function u € Wol'p

N
tion of the problem if Zgi(x, u,Vu) e LY(Q) and u
i=1

satisfies

(Q) is a weak solu-

0
ZJ [ai(x, u,Vu)—(P +gi(x,u,Vu)o + Hi(x,Vu)p
L Q 8x1'

ZL[ﬂPJrgkig—z]

Vpew, P (Q)nLe(Q).
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4 Main results
In this section we prove the existence of at least a weak

solution of the problem (1. We consider the approxi-
mate problems.

4.1 Approximate problems and a priori

estimates
Let
g (x,u, Vu) = gli(x,u,vu)
L+ 3lgi(xu, Vu)l
and
H'(x,Vu) = Hi(x,Vu)

1+ 1|H (x,Vu)|

By Leray-Lions (see e. g [14]), there exists at least a

weak solution u,, € W
mate problem

N
Z o, (%, u,,, Vuy,) + Zg"(x, Uy, Vit,)

+ZH” x,Vu,)=f - Z& in Q

on 8()

P (Q) of the following approxi-

Up =

Lemma 1 See ([9)], lemma 4.2) Let A € Rtand u €

Wol’p (Q), then there exists t measurable subsets ()1, ...,(;
of Qand t functions uy,...,u; such that Q;NQ; =0 for
i#j, Q<A and|Q4=A for s efl,..,t-1}, {x€Q:
|9”5|¢0 fori:l,...,N}CQs, ax % a. e in Q,
8(u1+ L) l
Ix;

sign(u) =
{1,..,N}.

U; = (gx Yus, Uy + .. +u; = uinQ and

sign(ug) ifus = 0 fors € {1,..,t} andi €

12) hold and let

3) then, we have

Proposntlon 2 Assume that p <N, (5)-(12]

U, € W0 (Q) be a solution to problem (1

N
ZJ- D <
= Q axi

for some positive constant C depending on N, QQ, A, y, p;,
b AN, o IIgiIILp;(Q)for i=1,.,N.

(14)

Proof: Let A be a positive real number, that will be cho-
sen later, Referring to lemmal|l} Let us fix s € {1,..., t}
and let us use Ty (u,) as test function in problem
using (5), (8), Young’s and Hélder’s inequalities and
proposition [T we obtain

aus

Z’J‘us<k axl

(15)

1 N N ’
<Gl ot | e Vi)l )
i=1 i=1

www.astesj.com

The dominated convergence theorem implies that

al du L
S |pi , N

I S (e

i=1

N N ,
| |Hi<x,w>||us|+anin”u )

i=1 VO s ()
j|‘9”5|1’ )
ox;

here and in what follows the constants depend on the
data but not on the function u.

Using condition (10), Holder’s and Young’s inequali-
ties, lemma|[I]and proposition [T|we get

ZJ |H;(x, V) |u5|<ZJ. b; |—|p’ Yug|

S
du
C 2o pi-1
) [ZL 12t
i=1 o=1 o P
u ,._
= ]
Q\u* Xi

o= 1

c N s aua it
<c) [) ] 15 |us|]

for some constant C; > 0, where d, =

IN

. du
since  (llul ) < C. ]_[n 21 0 2nd 1001 24)

hence

N

ZJ H e, Vi) (16)

—Jo
<C2 ZAPZ Poo Z[ J aug

pl axl
CC 8145
||Lp, |

1

for some constant C3 > 0. Putting in (15) we
obtain

N
g
C3ZAP: pwU

If A is such that

1

N .

1_1 u Ju Pi

<C E APi P —_S|pi E O |pi dN]
-7 i=1 [J;)s | 9X| +a:1 J;)<r| 9xi | T

N 7
| ,
< Il 8 + Z“"f”i’p;@ﬁ

ZJ pﬁ]} (17)

N
11
1_C1C3ZAP1' P >0, (18)

i=1
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inequality (17) becomes

N o . N )
152 < CafIlf 0 + Y Wl

;L 8xi LPe (Q)) s ; ! IPi Q)

s—-1 N 1 N aus , N 1 %

APi pm( J')+ APi Po } 19

Y AT (L[ Gep)e Yar il o
= j= i=

for some constant C, > 0 and for s = 1, we get

o=11

duy - [y,
j |a_1|pz SZJ |a_1|p1
Q 9% T Ja 9%

<cafifl,.,

Let us choose A such that (18) and

N E(L_L)
1-Cyq) ;o  APi'Pi P>’ >0 hold, (see [9]).
For example, we can take
I W I B
A< min{l,(%)mi"le--'f\’[z%‘p%o‘;(L)mi"i:L..Nl%(}i—p%wn }
3

By this choice, we obtain
N du I

(1 zry

=11 | e

N L
sc[( ’, g )d”+ ki ]Then
|71, Lo Zu i,
there exists a constant Cé > 0 such that d1 < C6 and by

(20), we obtain

ZJ- |8U1 P < Cy,

for some constant C; > 0. Moreover using (21)) in (19)
and iterating on s, we have

ZJ laus
axl
+ N p{ N 1_1 P
Sl o 8+ DI 1) AR
1=

then arguing as before, we obtain Y’ | IQ | Qs |Pz < Cy,

(21)

for some constant Cg > 0, then

u —
Il g <

positive k > 0.

( lfQ |au° |p’) ; < Cy, for some

Since u,, is bounded in Wol'p (QQ) and the embed-
ding Wol’p (Q) — LP-(Q) is compact, we obtain the
following results.

Corollaire 1 If u,, is a weak solution of problem (13),

then there exists a subsequence (u,),, such that u, — u
(Q), strongly in LP-(Q)

weakly in Wol'p )and a. e. in Q.

4.2 Strong convergence of Ti(u,)
Lemma 2 Assume that u, — u weakly in Wol'p (Q) and
a. e.in Q and

fil fQ[a,-(x, uy, Vuy,)—a

i (%, 14, V) |( ‘;”” — 9Ly — 0 then,

Xi

u, — u strongly in Wol’p Q).

www.astesj.com

. N v
N . P T Poo ﬁ
Q)dl +i§_1 ||k1|| + > AP e } (20)

Proof: The proof follows as in Lemma 5 of [15] taking
into account the anisotropy of operator. O

Proposition 3 Let u, be a solution to the approximate
problem (13), then

Ti(uy,) — Ty (u) strongly in Wol’p (Q)

Proof: Let us fix k and let 6 be a real number such
that 6 > (L(k)) Let us define z, = Ty(u,,) — T(u) and

@(s) = se°", it is easy to check that for all s € R one has
) L(k) 1

-— - 22

P (s)=—lpB) = 5 (22)

Using ¢(z,) as test function in (13), we get

iJ a;(x, u,, Vu,) 99(zn)

9xi

ZJ gl (%, up, Vu,)p(z,) +

J H'(x,Vu,)p(z,) =

(23)

Since @(z,) — 0 weakly in W,'” (Q) < LP=~(Q) and

f e LPLO(Q) then fe(z,) >0 as n — +oo. Since

Ti(u,;) = Ti(u) weakly in Wol’p( Q), k; € LPE(Q) and

((p (z4)), is bounded then ZJ ax — 0 as
1

n — +o00. On the other hand, we have

N
| in”x,Vu,, z,)|
Zl H( Vin)p(z,)
N du
< Zf P btz
du i'
pl p’ ”P1 P;
fuwznl (] 15ew)
<C Jlbi znlp" g
Z o ¢(2n)

Since b;p(z,) — 0 ae. in Q and |bjp(z,) <
|b;| x 2ke*k*d ¢ LPi(Q)), then by dominated conver-
gence theorem b;¢p(z,) — 0 strongly in LPi(Q)), then

N
| ZJ Hi”(x,Vun)(p(zn)dx| — 0 as n — +oo. Denote by
— Jo

iz
e1(n), e2(n), various sequences of real numbers
which converge to zero when # tends to +co. Using
(8), we obtain that g (x, u,, Vi, )¢@(z,) > 0 on the set
{lu,| > k}. Then we have

N
ZJ ai(x,un,Vu,,)a(P(z )+
=170

LSt

i=1

(%, Uy, Vi, )p(2z,)dx < €1(n) (24)

|un|<k
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On the other hand, we have

[t v 2

- TZIL a(x, u,,,Vun)(aTSJ(;") - ag,;(iu) )<p'(zn)

- ijo ai(x, Tk(un),VTk(ua)(m;;Z‘”) - 92;(1,“) Jo'(z)
_gf{u,,>k} ai(x, un,Vun)agkx(iu)(p’(zn).

is bounded in
n

The sequence (a,-(x,u,,,Vun)(p’(zn))
LP/(Q aT(

one has

ZJ a;j(x,u,,V
i-17Q

), then since

X{ju,|>k} — O strongly in LPI(QY),

dp(z,)
) ax; dx

Y ITylu) _ ITe(w)) -
=;foaxx,n(un),vn(un»( w2 z,)
+é2(n)

which we can write

ZJ\ a;(x, uy, Vuy,)
i=1 /0

N
= ZJQ (ﬂi(x, T (1), Vi (1)) = ai(x, Tk(un),VTk(u)))

dp(z,)
ax; dx

i=1

OTi(u,)  ITi(u)\ -

(Fhe = e Jo i

v OT(uy,)  ITi(u)\
+;Lai(x,n<un),vn<u)>( b Sz,
+52(1”l).

Since u,, — u a.e. in Q, we have

a;(x, Tk(un),VTk(u))qo’(zn) converges to

a;(x, Tr(u), VT (u)) a. e. in Q. Let E be measurable sub-
set of (), by the growth condition (6], we get

JW' %, Ty (1), VT ()@ (2,)Pi dx
< 2Pi7L(1 4 85Kk2)Pi 40K ”z(k” |E| + f|aTk |P)

Then the sequence (ai(x,Tk(u,,),VTk( u))e (zn))
n

is equi-integrable and by Vitali’'s theorem
one has ai(x,Tk(un),VTk(u))(p’(zn) converges to
a;(x, T(u), VT (u)) strongly in LPi(Q). Since
% M weakly in LPi(QQ), then
nglmef (6, Ti(,), VTi(u))
ITy(u ) ITy(u)
- =0. It foll h
( ox; ox; )(p (z,,) = 0. It follows that
N
dp(z
. Jul(x Uy, Vu,) (giin)
i=1
N

D, et Tt T o ot V700

1=

www.astesj.com

(aTk(un) _ aTk(”) (25)

8xi 8x,-
On the other hand, by virtue of (5) and (9)

L

< L(k
( );fnunkk}'a X
BTkun

Jo'(z0) + 3

X, Mn; vun)(P(zn)dx|

uu|<k}

Pl (z)ldx

N

0y |

O
TZJ (5 Ti(1tn), VT ().
G i

f 6 T (1), VT (1))~

Ty (un)
ox;

I”ll(P(Zn)Idx

=
=

aTk(”n)
(9X,'

| (zn)ldx

—~

d
D Yt +

ITy(u)
8x,-

Ti(w)))

X, Tk un VTk(

=
=

n))-

| (2 )ldx+

a;(x, Ty (uy), VTi(u))

Ty (uy)  ITp(u)
(T - T otz
Similarly as above, it’s easy to see that by @, corollary
[[and Vitali’s theorem one has
a;(x, Tp(u,), VI(u)) — a;(x, Ty(u), VT (1)) strongly in

LPi(Q). Writing

,_;

N

' Ty (uy)  ITy(u)
|;La,<x,n<un),wk(u>>.( b - 2 Yoz, x|

N

. Ty (uy) 9T (u)

s<p<2k>ZJ o, T, VT 7o) — 26
and taking into account that aT"( N ag"( )weakly in
LPi(Q)), we obtain
N T, (u,) ITi(1)
D | ot Tt VTG (T - T iz s
i=1 ! !

tends to zero as n — +oo. Thanks to (6) and (T4),

the sequence (ai(x, Tk(un),VTk(un))) is bounded in

Lp;(Q), so that there exists l;; € LPE(Q) such that
a;(x, Te(uy,), Vi (u,)) — l;; weakly in LPi (). We have

N
XJ {0 T), VT ) )

iJ ( x, Ty (1), VT (1)) — lk)agk_x(i”)(p

ZJ l,aTk

Slnce @(z,) — 0 weak* in L*(Q)), we conclude that

N
ZJ ai(x’Tk(un);VTk(un))aTk(u)
i=1 2 Q

8xi
+00. Hence, we get

P(zy)dx

(2,)dx

z,)dx.

@(z,)dx > 0asn—
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?1 L (74 n n d
L(k) &
S0 Xf (%’(x: Ti (1), VT (1)) (26)

~ai, i), VTx(a0) ) 23— 2 Yz,
+e5(n).
Combining , and , we obtain
N
D (o ot VTG0 3, T, V30

‘97;5,(3") 8?‘,5.” N - %k)lw(znn)dx < eg(n).

Which gives by using (22)
0= [ (b Tl VG -, Tk(u,»,wk(u)))
— Jo

i=1
ITy(uy) 9Ty (u)
( ox;  Ox; )sté(m)’
then lemma 2| gives

Ti(u,) — Ty (u) strongly in Wol’p (Q). (27)

4.3 Existence results

Theorem 1 Assume that p <N and (5)-(12) hold. Then
there exists at least a weak solution of the problem ().

Uy

Proof: By (4.2) the sequence (%_x)l is bounded in
LPi(Q)), so we have that ) for

Bu,, N au

o weakly in Lpl(

i=1,.,Nand u, - u strongly in LP-(Q)). By
there exists a subsequence, which we still denote by
u, such that % — g—;‘z a.e.inQ fori=1,..,N,then
fori=1,..,N, we have

a;(x,u,, Vu,) — a;(x,u,Vu) a. e. in Q,
8 (%, 1y, Vuy,) — gi(x,u,Vu) a. e. in Q,
H}'(x,Vu,) — H;(x,Vu) a. e. in Q.

Moreover by @ and , we have

’ d
f a5, s, Vit P ch |un|Pw+j 2]
0 Q Q 9%

iy |Pi

\H (x, Vs |P§scf |
J- Z( n) Q axz

o)
by , (a,-(x, un,Vun)) and (Hi(x,Vun)) are bounded
n n

in LPi(Q) then a;(x,u,, Vu,) — a;(x,u,Vu) weakly in

LPi(Q)) and H;(x,Vu,) — H;(x,Vu) weakly in LPi(Q).
Now we prove that g/(x,u,,Vu,) is uniformly equi-
integrable for i = 1,...,N. For any measurable E of Q
and for any k € R*, we have

f 187 (%, 4, Vi)

J Igi" (x, 1, V)| +J lg;" (x, 1, Viay )|
EN{lu,|<k} EN{luy|>k}

T,
< L(k)|M|pl +J- |gi”(xl MH,VMH)L
ENnflu,|>k}

EN{lu,|<k) Jx;
for fixed k and for i = 1,...,N. For the first term we

and

www.astesj.com

14n)

recall 2 strongly converges to 2 o ITiu) 51 Lpi (Q) for
i=1,. N Taking Ty (u,) as test function in (4.1), then

- ( OTi() N~ (o

Z a;(x,u,,V + Z gi (2, 1y, Vi) Ty (1) +

JQ

8Tk un
S ox;

io (5, Vit T fkaun Zj

which implies that

a +
g, V) Tyl f 7P e f =)

i
) f|a“"|P ’”’
ou, . _
ZJ b P T )

<(for=)=( ] ) =
y (] ) f |3”"|P

i=1

N e
f rl rz f |(9Mn|p1 p; J |1/l |pw
i=1

1_
pi poo
subset of () and for any m € R*, we have

L 187 (3, 6, Vit dx

i
<(Cy,

where 7; is such that rl = Let E a measurable
1

- J g7 (2, 1y, Vi, ) d x+
EN{lu,|<k}
lg;" (x, 1y, Viay, )| dx
JEN{|u,[>k}
< J- L) 222 P e
En{luy|<k) Ix;
f‘
187(% 1y, Vit Jdx
JEN{|u,|>k}
SJ‘ L(k)|aTk(u”) Pi
E{luyl<k) ox;
% {| |>k}Tk(un)gl?'(x,un,Vun)dx
u?l
we have aTg}(f”) a?‘;‘”) strongly in LPi(Q) and

J T (14,) 80 (%, 1y, Vit )dx < C
{lu|>k}

then g is uniformly equi-integrable for any i,
since g/'(x,u,,Vu,) — gi(x,u,Vu)a.e. in Q, we get
g (x, 1, V) — gi(x,u, Vu) in L'(QQ). That allow us to
pass to the limit in the approximate problem.

Remark 1 The condition (6) can be substituted by
pﬁ

la;(x,s, &) < p|ji +1sl b + |Ei|pf‘1], where j; is a positive
Q) fori=1,..,N, and the condition (EI)
can be substituted by |g;(x,s, )| < L(|s|)(Cl~ +|&;[Pi ) where
N.

function in LPi(

C; is a positive function in LY(Q) fori = 1,...,
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