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The context for the study was a naturally occurring quasi-experiment in the core
mathematics program in a large Australian university. Delivery of teaching was changed in
a sequence of two initial core mathematics subjects taken by engineering and science
students. The change replaced one of two face-to-face tutorial classes per week by an online
tutorial. Tasks in the online tutorial were designed to lead the students through the week’s
topics, using initially simpler tasks as scaffolding for more complex tasks. This was the only
change: syllabus and written materials were the same, as was students’ access to help from
staff and discussion with peers. The study compared learning outcomes among students in
two adjacent years: Cohort 1, the last before the change, and Cohort 2, in the first
implementation of the change to a blended learning environment. Learning outcomes were
assessed by a method derived from the SOLO taxonomy, which used a common scale for
scoring written answers to examination questions in the two cohorts. In the first mathematics
subject students doing online tutorials had significantly higher scores than those studying
before the change. In the second mathematics subject there were no significant differences.
The conclusion was that the online tutorials gave an advantage to students beginning
university study and gave adequate support to those in the subject taken a little later. It can
be concluded that the use of an online teaching component in the delivery of university
mathematics programs is not only justifiable but desirable, subject to careful design of the
teaching material offered.

1. Introduction

through the required material step by step from simpler to more
complex tasks. The change was made in the core sequence of first

This paper is an extension of work originally presented at the
IEEE 2020 International Conference on Computer Science and
Computational Intelligence [1]. Extended content is mainly in the
research background section, dealing with scaffolding in blended
learning environments and the importance of the design of online
teaching material. It includes discussion of the unsuitability for
mathematics learning of existing instruments used to evaluate
students’ approaches to studying. Results contain effect sizes. The
discussion includes more detail, and a conclusion section has been
added.

The reported project stems from a change in first year
mathematics teaching in a large Australian university, which
replaced one out of two face-to-face tutorials with on online
tutorial consisting of a set of tasks designed to lead the student

*Corresponding Author: Mary Ruth Freislich, m.freislich@unsw.edu.au
Www.astesj.com

https://dx.doi.org/10.25046/2j070208

year mathematics subjects, Mathematics 1A and Mathematics 1B,
which is taken by science and engineering students. Before the
change, teaching was entirely face-to-face, consisting of lectures
to large groups, plus two tutorials given to problem solving and
answering students’ questions, in much smaller groups.

The only change in the organization of teaching was the
replacement of one face-to-face tutorial by an online tutorial. In
the online tutorial, immediate feedback identified errors without
giving solutions. Completing the tutorial tasks earned a small
contribution to the student’s final mark.

The study was carried out before higher education was
disrupted by the Covid19 epidemic, and apart from the change in
one tutorial, there was no other change in the organization and
material in the core sequence. That is, the syllabus and the written
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teaching material did not change, and the online tasks were very
similar to those used in face-to-face tutorials. All students had
access to help from staff and discussion with peers was still
available in the face-to-face teaching groups. The study dealt with
two cohorts of students in adjacent years, the last year before the
change, and the first year of its introduction. Admission criteria
had not changed, and the secondary school mathematics course
taken by local students had not changed. It is therefore reasonable
to conclude that the two cohorts were comparable in background
and level of selection. In the year of the change, survey results
indicated that students were satisfied with the teaching delivery.

It seems, therefore, that the natural quasi experiment afforded
by the change offered good control for a study of any effect that
the change might have on the quality of learning outcomes among
students in the two cohorts. Making a comparison requires a valid
method for evaluating outcomes, and validation requires the use
of observable evidence. The course evaluation procedures
advocated in improvement programs by the Accreditation Board
for Engineering and Technology [2] emphasize the importance of
direct assessments.

The present study uses observable evidence from students’
final examination scripts. The comparison is based on a method
described below in Section 2. It is emphasized here that the
method has potential importance because it is direct and criterion-
based. Before giving detail about the method, one needs to
examine existing research that suggests directional predictions
that can be tested.

2. Background
2.1. Students’ use of resources

The newly implemented program studied in the present work
represents provision of an online learning resource, rather than
online instruction, given that the majority of instruction was face-
to-face, and the online segment involved students’ work rather
than online instruction. This means that the program is not
comparable with projects involve online instruction such as that
reported in [3].

In [4] the authors make the important point that evaluation of
any new learning resource can be invalidated if there is no
evidence about whether students have used the resource. Findings
in [5] were that mathematics students who were offered several
optional leaning resources, they tended to use only one of the set
of resources. It is worth clarifying that the present study deals with
only one new resource, so that the problem of choice does not
arise. There is also no uncertainty about whether the new resource
was used because students’ work online leaves an audit trail.

2.2. Student learning and the transition to university
mathematics
There are three research strands that are important to the
purpose of the present work.
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First, in the review of research on student learning made in [6], it
is noted continuing importance is found for an approach to
learning that contains a continuing purpose of understanding
material and attempting to link and compare different ideas.
Understanding and high quality of learning are unlikely when
students’ approach is atomistic, focused on the accumulation of
unrelated detail. For mathematics students, understanding is
achieved and tested by active problem-solving. The instruments
used in the British and Australian research reviewed in [6]
measure the search for understanding using items describing wide
reading and venturing beyond the syllabus. Among undergraduate
mathematics students, such items are irrelevant for all but the most
highly gifted students, but at all levels of talent the intention and
achievement of understanding relate to activity in doing
mathematical tasks appropriate to the level of study.

Active problem solving requires effort and persistence, which
relates to North American research underlying the National;
Survey of Student Engagement (NSSE), [7]. This research strand
found that self-regulation of study is very important to students’
learning, and this is an obvious requirement for activity in working
on mathematical tasks.

Directly relevant Australian work on student engagement in
mathematics learning is supported by the theoretical outline given
in [8] The authors note that student engagement in mathematics is
multidimensional, with fuzzy boundaries between categories. The
principal components that have been identified as affecting student
engagement are consistent with components of the student
learning research. Expectancy-value theory is defined by the value
given to a learning goal and the learner’s expectation of achieving
it. This entails interest factors and confidence, as well as practical
reasons for valuing achievement, and research has shown that it
relates to quality of learning outcome. Similar importance is
attached to the factor of self-regulated study identified in the North
American research.

University students’ choice of mathematics requires some
previous success, and the choice implies that they attach some
value to the subject. But there is no lack of evidence that many
students find the transition to university mathematics very
difficult, and the evidence comes from a wide variety of settings.
Examples are afforded by the work reported in [9], for Britain, in
[10] for Sweden and in [11] for Australia. Beginning university
students can find self-regulation difficult. For mathematics
students, previous levels of motivation, goal setting and self-
regulation will not be sustained at university level if successful
mathematical activity is not sustained.

Experience of difficulty may lead to discouraged and anxious
avoidance of attempted engagement with mathematical tasks. The
work reported in [12], done in an Australian setting indicates, that
beginning mathematics students can benefit from learning support
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that facilitates engagement with mathematical tasks. The next
requirement is for evidence relevant to beneficial types of support.

2.3. Scaffolding and transfer of responsibility

The material for the online tutorials was specially designed to
lead the student through the week’s mathematical topic using a
sequence of tasks that progressed from simple to more complex.
Immediate feedback was given for each response, informing the
student only whether the response was correct or not, without
giving a solution. In addition, the sequences of tasks were
designed so that solutions to earlier tasks could help with the later
more difficult tasks. The online work could be done in multiple
sessions within a specified time period, so the student could
temporarily leave a task to look up material, ask for help, or
discuss it with peers. Such a design has the potential to function as
scaffolding for the extension of students’ understanding.

Scaffolding is defined as intervention by a teacher to support
students in achieving a learning goal that they would be unlikely
to achieve without support [13]. There has been considerable
discussion of the method of intervention and the design of the
teacher’s intervention, so that it extends the student’s own
reasoning without imposing or supplying a solution. The original
idea rests on Vygotsky’s thesis, described in [14], that the most
valuable instruction is that which leads a learner into a
development defined as being in the zone of proximal
development. That is, the learner is already on the border of
extended capability, and hence can reach extension with minimal
appropriate help. The idea of scaffolding is defined by interaction
between teacher and student. The authors in [15] found that
interactive scaffolding led by the teacher in relatively small
community college mathematics classes was very much more
successful than previously used approaches. For large enrolment
groups, limits of resourcing make the original form of scaffolding
impossible. But it is argued here that the design of the online
tutorials affords an approximation to scaffolding, because the
gradient of task difficulty and the immediate feedback provide
indirect assistance in the extension of understanding, with the
limitation of the feedback also implying that assistance is not too
intrusive.

Transfer of responsibility to the learner is also an important
underlying goal of providing scaffolding [16]. It is pointed out in
[17] that, for scaffolding to make its widest contribution, it needs
a definition that empowers the learner, so that the student becomes
independent of the presence of an insightful teacher as agent. In
the context of mathematics, they propose problem solving as the
means of creating self-scaffolding. In contrast to face-to-face
tutorials, online tutorials give all responsibility for work on the
given tasks to the student, with the minimal assistance designed to
foster effort and persistence. Organizational responsibility in
scheduling time is also required, but the important factor is the
design of the tasks facilitating active engagement in the tasks,
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which serves to build the understanding, independence and self-
regulated study found important in the studies described here and
in Section 2B.

2.4. Blended mathematics teaching and the importance of design

Evidence is available that well-designed online materials can
function in this way. Studies of statistics programs [18], [19]
indicate that achievement gains follow careful adjustment of
materials, designed to integrate the learning environment
consistently, and to foster understanding. The results of [18] are
particularly important, because the material provided to students
was revised from year to year, and benefits to students’
achievement appeared only in later years. These results are
compatible with the established distinction between medium as a
means of delivery and the designed study program as the goods
delivered [20] Rapid and flexible delivery can give an advantage
only if goods of value are delivered.

The study described in [21] is also highly relevant to the idea
of scaffolding afforded by suitably designed material. It deals with
a very large group of statistics students of variable academic and
national background, who were offered an online tutorial system
that proceeded from diagnostic testing to select tasks best adapted
to each student’s stage of learning. The study found that the time
spent using the online program was positively related to
achievement, with the strongest effect among students whose
scores on Vermunt’s Inventory of Learning Styles [22] indicated
that they were less well adapted to university study.

2.5. Assessing learning outcomes

In Australian work on learning outcomes, [23] the researchers
developed a classification of the quality of learning outcomes
based on actual responses to a variety of educational tasks. The
classification used criteria defined by the complexity, adequacy of
coverage, and consistency of observable responses to set tasks.
They defined a system of levels of outcome called the Structure of
Observed Learning Outcomes (SOLO) Taxonomy. The value of
the reference to the observable is clear. The researchers claimed
that the classification was invariant across disciplines and justified
the claim by giving illustrations from the work done in the
principal areas of school study, across the middle years of
schooling, from upper primary level to junior secondary. The
SOLO levels, as defined in [23] are listed in Table 1 below.

The SOLO split between the Multistructural and Relational
levels is based on consistency in reasoning, and so reflects the
dichotomy between understanding relationships and atomistic
display of facts which is of obvious importance in mathematics,
with achievement of the relational level providing evidence of
understanding. The wide applicability of the SOLO taxonomy is
not relevant to the present study, but the issue of consistent
reasoning is central to it. The applicability of SOLO to
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mathematics was based on research that identified patterns of
errors and misconceptions in students’ mathematics learning.

Table 1: The SOLO taxonomy
Definition

Level

Prestructural No valid response

Unistructural One aspect of the problem correctly
identified, but no diversity of aspects
presented, so that questions of

consistency cannot arise.

Multiple  relevant  information
presented and used, but without
considering relationships between
different parts, so that inconsistency
appears.

Multiple  relevant  information
presented and used in a way that
recognizes relationships and
achieves consistency within the
given task.

Multistructural

Relational

Extended
abstract

Multiplicity recognized and
consistency achieved over a context
beyond that of the given task.

The SOLO taxonomy has been used at tertiary level as a
framework for defining intended learning outcomes for programs
in mathematics and computer science [24] and its application in
other science disciplines at tertiary level has been found to be a
valuable diagnostic tool [25]. The SOLO levels were adapted for
the work reported in [26] to define a method of evaluating levels
of learning outcomes in tertiary students’ mathematics.

The focus was on examination performance in early
undergraduate years, so the highest SOLO level was not
considered relevant. The other four levels were used to construct
a scoring system intended to provide a common scale usable
across tasks involving the same mathematical material, examined
at a similar level of difficulty.

The criteria used were, first, logical consistency, and second,
adequate coverage of the task. A student’s response to an
examination question was assigned to one of six levels, labelled
from 0 to 5. Levels 4 and 5 required the logical consistency of the
SOLO relational level, with 5 given for a completely correct
solution, and 4 given if there was a small error that did not affect
consistency, like a minor slip in arithmetic or a copying error.
Levels 0 and 1 correspond to SOLO Prestructural and
Unistructural levels: nothing right or only one relevant aspect of
the problem identified. Solutions with an error of logic at the
Multistructural SOLO level, with more than one good step
presented, were classified as level 2 or 3, depending on how much
of a satisfactory solution was present. Examination questions were
split into self-contained tasks, and each was scored independently.
A composite score was obtained by summing the task scores,
weighted using the proportion of the examination marks assigned
to each.
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The method does not attempt the generality claimed for the
SOLO taxonomy. Validity is claimed only for the close
relationship between tasks, depending on the stability of syllabus,
staffing, student intake, teaching materials and most of the
implementation of teaching in the two adjacent year groups. The
SOLO taxonomy is well adapted to mathematics because its
criteria fit the requirements of mathematical tasks. But its most
important characteristic is its being defined in terms of the
observable. The North American Accreditation Board for
Engineering and Technology [2]) argues that a teaching program
cannot be adequately evaluated without a direct method for
examining students’ learning outcomes, one which is closely fitted
to the actual study program, both of which requirements apply to
the method described. Applying the scoring method is similar to
examination marking, and scores correlate at over 0.9 with
examination marks, which implies similar ranking. What the
method is intended to achieve is a common ranking for the two
year-groups’ performance on similar tasks. It is worth noting also
that a direct method of examining learning outcomes has
advantages over the use of questionnaires to assess approaches to
studying. Two reasons are important. The first is intrinsic: direct
assessment avoids problems associated with the reliability of self-
reported data about behaviour and attitudes. The second reason is
the mismatch between the existing instruments used to assess
approaches and the study of mathematics, at least at undergraduate
level. This has already been mentioned in connection with the
approach instruments described in [6]. But one should also note
that similar remarks apply to the North American NSSE, and the
Australian Survey of Student Engagement (AUSSE) derived from
it [27] derived from it.

The point here is that the AUSSE measure higher level
thinking by items dealing with extended essay- style writing and
multiple revision of drafts. In the development work for the
AUSSE, it was found [27] that science students had low scores of
higher-level thinking, but it is probable that such results are
contaminated by the inadequacy of the instrument.

3. Method
3.1. Sample

The target population was the set of students enrolled for
Mathematics 1A and 1B, in adjacent years, taking the groups from
the first time in each year that the unit was offered. Simple random
samples were drawn from those students who sat the final
examination. This means that those who did not survive to the final
examination could not be considered, but this restriction applies to
all the groups being compared. Questions involving students’
gender were not part of the study, but gender information was
available, and was recorded, because any gender-related patterns
that might emerge would be of interest. Sample numbers are in
Table 1. The proportions of females and males in the sample are
very similar to proportions in the total groups.
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Table 2: Sample

Cohort Mathematics1A Mathematics 1B
Female Male Female Male

1 (from the last 53 152 38 142

year before the

change)

2 (from the first 49 154 44 153

year when the

change was

introduced)

3.2. Analyses

The two cohorts were compared within each of the two
mathematics subjects. In each subject, four groups defined by
cohort and gender were compared using analysis of variance. In
the case of a significant overall result, differences between groups
were examined using least significant differences. For cases where
there were significant results, effect sizes were calculated.
Analyses were done using the open-source package Rstudio [28].

4. Results
4.1. Mathematics 14

Descriptive statistics are in Table 3, and the analysis of
variance data are in Table 4.

Table 3: Mathematics 1A Descriptive statistics

Cohort Female Male

1 All teaching ~ Mean 10.66 10.07

face-to-face St. dev. 3.58 3.62
n 63 152

2 Blended Mean 12.87 12.24

teaching St. dev. 3.93 3.73
n 49 154

Table 4: Mathematics 1A Analysis of variance

Analysis of variance

Source Sums of df Mean F

squares squares

Between 521.29 3 173.76 12.74%**

groups

Residual 551047 404 13.64

Total 6031.44 407

***p < 0.001

The means for Cohort 2 are higher than those for Cohort 1,
and the analysis of variance gives a high level of significance to
differences between groups. Results for comparisons between
pairs of groups using least significant differences are in Table 5

Table 5: Least significant differences

Groups in order of means
Cohort 1 female 2 male 2 female
1 male 0.90 5.14%%% 4.62%**
Ifemale ¢ 2.79%% 3.10%*
2 male 1.04

#*p < 0.01; ***p < 0.001
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The differences are significant for all comparisons of Cohort
1 groups with Cohort 2 groups, and no within-cohort comparisons
between females and males were significant. The purpose of the
study did not include gender comparisons but grouping by gender
was in the analysis because it was possible that different delivery
of teaching might have different effects for females and males.

Effect sizes for the four significant comparisons are in Table
6. The interpretations use the classification described in [29] and
are high or very high in all cases.

Table 6: Effect sizes

Group Cohort 2 male Cohort 2 female
Effect size Effect size

Cohort 1 male 0.60  Very high 0.77 Very high

Cohort 1 female 0.46 High 0.46 High

4.2. Mathematics 1B

Descriptive statistics are in Table 7 and the analysis of
variance results are in Table 8. There were no significant
differences between groups in Mathematics 1B.

Table 7: Mathematics 1B: Descriptive statistics

Cohort Female Male

1 All teaching Mean 11.48 11.46

face-to-face St. dev. 3.77 3.74
n 38 142

2 Blended Mean 11.82 11.32

teaching St. dev. 3.46 3.44
n 44 154

Table 8: Mathematics 1B Analysis of variance

Analysis of variance

Source Sums of df Mean F

squares squares

Between 8.52 3 2.84 0.82 ns

groups

Residual 4819.82 373 12.92

Total 4828.34 378

5. Discussion

It is worth noting here again that no gender differences were
found. Marginally higher mean scores for females probably only
reflect the higher selection of the female groups, given that tertiary
mathematics groups still contain considerably more males.

It is clear that the results for Mathematics 1A show
advantages in the online component of delivery of teaching. The
advantage is in the direction predicted from the research
background, subject to the importance of the design of the online
teaching material. The digital audit trail afforded by the
technology gives assurance that the online learning resource was
used by the students, which functions as an additional control
factor. Because Mathematic 1A is the first core mathematics
subject taken by engineering and science students, one can
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conclude that the online program facilitated students’ transition to
university study.

The lack of significant differences between the two cohorts in
Mathematics 1B can be explained by combining evidence from the
literature with the conclusion given for Mathematics 1A.
Mathematics 1B is the second subject in first-year core
mathematics, its students are at least one semester further into
university study than most students in Mathematics 1A and are
more highly selected because they have already passed
Mathematics 1A. 1In [21] the findings indicated that online
resources were most helpful to students who were initially less
well adapted to university study. The mathematics 1B groups,
therefore, are likely to have less need of help than students who
are mostly new to university study.

But the finding for Mathematics 1B is still useful evidence
because it indicates that the online program shows no
disadvantage compared with fully face-to face teaching. This
means that, if one regards the medium as a delivery vehicle, the
results indicate delivery of adequate goods. The speed and
flexibility of delivery therefore become relevant. The audit trail
permitted by the technology also enables improvement of the
online material through tracking areas where students have most
difficulty. The method of comparison of outcomes used in the
present study can be used to compare different sets of online
material, serving as the direct Students’ written assessments can
be scanned into digital records, which opens the way to a cyclic
use of technology to provide research material for evaluation of
what the technology delivers. Such material would also permit
research on changes in students’ learning over some years.

In a review of research on fully online teaching of
undergraduate mathematics, [30] it is reported that the results are
mostly unfavorable to online teaching. It should be emphasized,
however, that the present study represents a different field,
because the blended learning environment involved retained easy
contact with staff and peers. That is to say, the learning
environment was not exclusively online and, indeed, assumed a
degree of offline interpersonal engagement.

It should also be noted that the direct assessment of quality of
learning outcomes in the present study has advantages over
alternative methods. It clearly is unreasonable to judge online
teaching using correlations between results of assessments of
different teaching components, but the use of grades alone also
does not provide a clear determination of efficacy. Hence, results
of the study [31], which used grades, cannot be considered as
corroboration for the present study.

It was noted In Section 2B that instruments used to assess
students’ approaches to studying are not well adapted to
mathematics learning. The underlying concept of the value of a
search for understanding is clearly important in all fields, so that,
even after some decades of stabilization of existing instruments,
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adaptation to mathematics would be useful. Records from online
tutorial tasks and written examinations could be combined with
initial qualitative investigation of students’ approaches to and
experience of studying mathematics.

6. Conclusion

The results indicate that the use of an online component in the
delivery of first year tertiary mathematics can be justified as
producing enhanced learning outcomes among beginning
students, and no disadvantage to those at a slightly later stage,
provided that the online teaching material is carefully designed to
lead the students from simpler to more complex tasks. Hence any
recommendation for the extended use of online teaching material,
and any future research of online mathematics teaching, must
focus primarily on the quality of the design of that material.

The present study is limited to first-year mathematics. It
follows that investigation in other contexts and later stages of
university study would be a necessary supplement. The increasing
use of online teaching delivery affords the opportunity for such
work. In addition, one should note that the technology furnishes
detailed records of students’ use of materials and performance on
assessment tasks that provide valuable data for study.

The present study did not address students’ experience of
studying. In the background section it was noted that existing self-
report questionnaires on students’ approaches to studying are
unsuitable for mathematics learning. The development of suitable
instruments with a similar purpose, but targeting more appropriate
approaches, is an open field. The development of such instruments
would be facilitated by initial exploratory work using qualitative
methods to elucidate salient aspects of students’ experience of
studying mathematics.
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Appendix: Examples of the scoring method 1 Step 1 correct. Then replace Row 2 by Row 2 +
(1/2) Row 1, giving

A. Algebra 1 Row2 = (0 0 —1 by)
[This shows row operations are not understood.]

Find conditions on by, b, b; to ensure that the following system Factorise z° +1 over the complex numbers.

of equations has a solution. Factorise z° +1 over the real numbers.

B. Algebra 2 Solution

— pif
a) Find all roots in the complex numbers of Putz = re. Then

2S+1 =0 1550 — 1 o(m+2kmi)
Sor=1and
x + 2y . . = b 50 = 1+ 2k 9=(Zk+1)7r
x + y — z = b 5
2x + y — 3z = b

Distinct solutions occur for

k=01-12-2.

Solution . .
So the solutions to the equation are:
1 2 0 b . . . . .
i 3mi =Tl 5mi —3mi
( 1 2 -1 b2> Step1 - es es , es , es = —1, e sm
2 2 _3 b3
z5 + 1=
1 2 0 b, . . . .
mi —mi 3mi -3i
(0 -1 -1 bz—b1>5tep2—> (Z+1)(Z—65)(Z—65)(Z—35)(Z—eSn:)
0 -3 -3 by — 2b,
z5 +1=
1 2 0 by s 3
<0 1 -1 b, — b, > (z+1) (zz — 2zcos (g) 1) (zz — 2zcos <?) + 1)
0 0 0 b 37 3b; + by Table 10 Scoring examples for Algebra 2
Conclusion Score Example
5 All correct
Solutions exist if and only if 1 Correct (a), (b), then (©)

b3 _3b2 + b1 =0 3im
(z+D(E2—4z+1)(z2-2 coOs—=2 +1)
Table 9 Scoring examples for Algebra 1

3 Correct (a), (b), then (c¢)
re | Exampl in in 3in 3in
Score ple (z+1)(z—es)(z—es)(z—€es)(z—e5).
5 All correct
. 2ik;
4 Step 1 correct. Step 2; 2 Roots given as ¢5 then (b) corresponding to this, no
1 2 0 by (©)
(0 -1 -1 b, — by ) [Mistake in —
2kip
0 0 0 b3 —5b; b 1 z=-¢€ s andno more

arithmetic.]
Conclusion: solutions exist if and only ifb; —

5b, + b, =0 C. Calculus 1
3 Row operations correct to the end of Step 2.
But conclusion given as: a) State the Mean Value Theorem
by #0, by # by,b; —3b, + by # 0 b) Use the theorem to prove sinhx> x for x> 0
2 Row operations correct to the end of Step2. .
Solution

No conclusion.

a) If f(x) is continuous on [a, b] and differentiable on (a, b),
then there exists ¢ in (a, b) such that
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F1(0) = f(b) —f(a) So, the original integral converges, by the comparison test.
~ b-a
Table 12 Scoring examples for Calculus 2

b) f(x) = sinhx is continuous and differentiable everywhere Score | Example
and f’(x) = cosh x. So, there is ¢ € (0, x) such that

5 All correct
sinh x — sinh0 = sinhx 4 Chosen comparison right, but integral
x=0 x evaluated as -1/4x?, with consistent valid
conclusion
h e‘+e ¢ o1
=coshc=—F7+—
2 3 Evaluation of | 1°°X—13dx correct, but no

comparison made.
It follows that sinh x > x forx >0 P

2 Wrote — =< 13 but no more
Table 11 Scoring examples for Calculus 1 V(a+x8) T x
Score | Example R
1 Stated [,” f(x) dx = lim [" f(x)dx but no
5 All correct R—eo
more
inh
4 Correct up to % = coshc,thena
sketch showing coshx > 1, but
. inh
conclusion stated as % > 0, and

hence sinhx > x

sinhx

3 Correctupto —— = coshc, then

“coshc < 1s0x < sinhx as required.”

2 Correct statement of the theorem, no more

1 Ratio formula for the theorem stated, no
conditions, no more

D. Calculus?2

Determine whether the following improper integral converges.
(Give reasons for your answer.)

* 1
Jl GO

Solution
1 1 1

VA +x6 “Vas o

oo R 1
= dx = lim — dx.
1 X R—0 1 X
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