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Radon transform is a mathematical tool widely applied in various domains, including biophysics
and computer tomography. Previously, it was discovered that applying the Radon transform to
a binary image comprising circle forms resulted in discontinuity. As a result, the line detection
approach based on it became discontinued. The d-Radon transform is a modified version of the
Radon transform that is presented as a solution to this problem. The properties of the circle
cause the Radon transform to be discontinuous. This work extends this finding by looking into
the Radon transform’s regularity property and a proposed modification to a convex shape. We
discovered that regularity in the Radon space is determined by the regularity of the shape’s
point. This leads to the continuity condition for the line detection method.

1 Introduction

This paper is an extension of work originally presented in the 2022 
14th International Conference on Knowledge and Smart Technology 
(KST) [1].

Radon transform is a well-known integral transform used in 
many fields that was originally invented in 1917 by Johann Radon,
[2]. The Radon is used to create an image from the projection data 
associated with cross-sectional scans, [3]. Many other integral trans-
forms, such as the Hough transform, Penrose transform, and Fourier 
transform, are significantly associated with the Radon transform.

Intuitively, Radon transformation is to integrate a given object 
and project the value onto the lower-dimensional space in various 
directions. In computer tomography, for example, the Radon trans-
form was applied to a 3D object to obtain a 2D image. In practice, 
we acquire the 2D projected picture and must use the inversion of 
the Radon transform to reconstruct the 3D object, [4].

Hough transform is one of the line detection techniques used in 
image processing. By applying the Hough transform to an image, 
the image’s point accumulation in each direction is computed. In 
the Hough space, a direction that passes through more points will 
have a greater value if the image comprises multiple points. The line 
direction in the image can be used to detect the maximal argument 
on the Hough space, [5].

In 2016, the author found a unifying perspective of the 
Radon and Hough transformations [6]. The Radon transform is con-
sidered a continuous version of the Hough transform, so it was also 
applicable as a line detection method by changing the accumulation

function to the integration of images in each direction instead. Since
the Hough transform is a discrete transformation, the line detection
method’s continuity cannot be expected. However, it is different for
the Radon transform.

In [1], we explained the benefits of the continuity of line de-
tection method. It has been shown that the continuity of the line
detection method using Radon transform depends on the regular-
ity of the Radon space, but that work focused only on the image
containing points. In practice, an actual image contains not only
points but also shapes. For a grey-scale image as a function from
a 2D image space to the interval [0, 1], the value 0 and 1 represent
white and black colors, respectively. If the image is continuous,
we have that the Radon transform is also continuous. Nevertheless,
image discontinuity is expected for a binary image whose range is
just {0, 1}. This paper aims to study the regularity properties of the
Radon transform of a binary image containing shapes, which lead
to the continuity of the line detection method.

2 Definition and Elementary Properties
This section presents the definition of Radon transform and its basic
properties.

Definition 2.1. (Radon transform) For a given function m : W ⊂
R2 → R, the Radon transform of m is defined, for each pair of real
numbers θ and r,

R[m](θ, r) =

∫
r=x cos θ+y sin θ

m(x, y)ds, (1)
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whenever the integration is defined.

Lemma 2.2. We have (x, y) ∈ `θ,r if and only if there exists s ∈ R
satisfying x = r cos θ − s sin θ and y = r sin θ + s cos θ.

According to this lemma, we can rewrite the definition of Radon
transform as

R[m](θ, r) =

∫ ∞

−∞

m(r cos θ − s sin θ, r sin θ + s cos θ)ds. (2)

It was proven in [7] that the Radon transform R[m] exists for all
m ∈ L1(R2).

For a function h : E → R, define a norm as in [7] by,

‖h‖∞,1 = max
θ∈[− π

2 ,
π
2 )

∫ ∞

−∞

|h(θ, r)|dr. (3)

It was also proven in [7] that, for m ∈ L1(R2),

‖R[m]‖∞,1 ≤
∫
R2
|m(x, y)|dxdy. (4)

Since the Radon transform is linear, we have

‖R[m] − R[m̃]‖∞,1 ≤
∫
R2
|m(x, y) − m̃(x, y)|dxdy, (5)

which means that if there is a small change on the function m, the
change on its Radon transform will also be small.

3 Regularity of Radon Transform

3.1 Regularity on Circle

First, let B1 be a single circle in image space W centered at
P1 = (x1, y1) with radius R1 > 0. The Radon transform of this
single circle is equal to the length of the intersection between the
circle and `θ,r, so if the circle is centered at the origin, we have that

R[B1](θ, r) =

2
√

R2
1 − r2 if |r| ≤ R1

0 otherwise.
(6)

Linearity and shifting property of the Radon transform are proven
in [8]. From the shifting property,

R[B1](θ, r) =


2
√

R2
1 − (r − x1 cos θ − y1 sin θ)2

if |r − x1 cos θ − y1 sin θ| ≤ R1

0 otherwise.

(7)

Recall that we can represent R[P1](θ, r) by a sinusoidal curve
r1(θ) = x1 cos θ + y1 sin θ, so we have that

R[B1](θ, r) =

2
√

R2
1 − (r − r1(θ))2 if |r − r1(θ)| ≤ R1

0 otherwise.
(8)

In the Radon space E, the graph of R[B1](θ, r) can be seen as a
“tunnel” centered at r1 (see Figure 1).

When θ is fixed we can consider R[B1](θ, r) as a function of r
which forms an upper-half of an ellipse centered at r1(θ), with base
length and height equal to 2R1 (see figure 2).

Figure 1: Graph of R[B1](θ, r) in E

Figure 2: Cross section of R[B1](θ, r) for a fixed θ.

In this setting, the Radon transform R[B1](θ, r) is a continuous
function on (θ, r) but it is not differentiable in r at r = r1(θ) ± R.

To obtain more regularity, we modify the Radon transform by
changing the integration domain from a line to a strip centered at
that line instead.

Definition 3.1. (d-Radon transform) For d > 0 and m ∈ L1(R2),
define the d−Radon transform of m, for each pair of real numbers θ
and r, by

Rd[m](θ, r) =

∫ r+d

r−d
R[m](θ, ρ)dρ. (9)

We also have linearity and shifting properties for our new trans-
formation. By the fundamental theorem of calculus and the fact
that R[B1](θ, r) is continuous, the d-Radon transform Rd[B1](θ, r)
is differentiable in r. Next, we will derive Rd[B1](θ, r) explicitly for
each θ. For the sake of convenience, we shift the Radon space such
that r1(θ) = 0. We have two cases.

Case I: If 0 < d ≤ R1, we have that

Rd[B1](θ, r) =


∫ R1

r−d R[B1](θ, ρ)dρ if R1 ≤ r ≤ R1 + d∫ r+d
r−d R[B1](θ, ρ)dρ if −R1 ≤ r ≤ R1∫ r+d
−R1
R[B1](θ, ρ)dρ if −R1 − d ≤ r ≤ −R1.
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That is Rd[B1](θ, r)

=



πR2
1

2 − [(r − d)
√

R2
1 − (r − d)2 + R2

1 arctan( r−d√
R2

1−(r−d)2
)]

if R1 ≤ r ≤ R1 + d

[(r + d)
√

R2
1 − (r + d)2 + R2

1 arctan( r+d√
R2

1−(r+d)2
)]

−[(r − d)
√

R2
1 − (r − d)2 + R2

1 arctan( r−d√
R2

1−(r−d)2
)]

if − R1 ≤ r ≤ R1

πR2
1

2 + [(r + d)
√

R2
1 − (r + d)2 + R2

1 arctan( r+d√
R2

1−(r+d)2
)]

if − R1 − d ≤ r ≤ −R1.

(10)

The graph is shown in Figure 3.

Figure 3: Cross section of R[B1]d(θ, r) when 0 < d ≤ R1 for a fixed θ.

Case II: If R1 < d, we have that

Rd[B1](θ, r) =


∫ R1

r−d R[B1](θ, ρ)dρ if R1 ≤ r ≤ R1 + d∫ R1

−R1
R[B1](θ, ρ)dρ if −R1 ≤ r ≤ R1∫ r+d

−R1
R[B1](θ, ρ)dρ if −R1 − d ≤ r ≤ −R1.

That is Rd[B1](θ, r)

=



πR2
1

2 − [(r − d)
√

R2
1 − (r − d)2 + R2

1 arctan( r−d√
R2

1−(r−d)2
)]

if R1 ≤ r ≤ R1 + d

πR2
1 if − R1 ≤ r ≤ R1

πR2
1

2 + [(r + d)
√

R2
1 − (r + d)2 + R2

1 arctan( r+d√
R2

1−(r+d)2
)]

if − R1 − d ≤ r ≤ −R1.

(11)

The graph is shown in Figure 4.

Figure 4: Cross section of R[B1]d(θ, r) when R1 < d for a fixed θ.

For a fixed θ, R[B1](θ, r) reaches its maximum at r = r1(θ). If

d ≤ R1, the maximum is 2d
√

R2
1 − d2 + 2R2

1 arctan( d√
R2

1−d2
) and if

d > R1, the maximum is πR2
1.

Lemma 3.2. Let B1 and B2 be circles with same radius R, and fix
θ ∈ [− π2 ,

π
2 ), we have that

max
r∈R
|R[B1](θ, r) − R[B2](θ, r)| = min{2R, 2

√
2Raθ − a2

θ} (12)

and
max
r∈R
|Rd[B1](θ, r) − Rd[B2](θ, r)| ≤ 2

√
2Raθ (13)

where aθ = |r1(θ) − r2(θ)|.

Proof. The proof of this lemma is straightforward. �

Now, we define another norm for the Radon space.
For a function h : E → R define

‖h‖∞ = max
(θ,r)∈[−π,π)×R

|h(θ, r)|. (14)

Let B1 be a circle and B2 be another circle obtained by shift-
ing B1 with distance δ. We have that the value of |R[B1](θ, r) −
R[B2](θ, r)| will reach the maximum when aθ = ‖P1 − P2‖ =

δ. So, from Lemma 3.2, we get that ‖R[B1] − R[B2]‖∞ =

min{2R, 2
√

2Rδ − δ2} which cannot be bounded by Cδ for any con-
stant C. Indeed, its derivative when δ is close to zero tends to
infinity. So, in this case, a small change in the image will create a
large change in its Radon transform.

For the d-Radon transform, the situation is totally different.
Since we have a linear estimation in the previous lemma, we get that
‖Rd[B1] − Rd[B2]‖∞ ≤ 2

√
2Rδ. By linearity of d-Radon transform,

we can extend this result to the case of images containing more than
one circle. This leads to the next proposition.

Definition 3.3. Let B be a set of all images containing a finite num-
ber of circles with the same radius R > 0. Define a distance function
D̄ on B by D̄(m1,m2) = d̄(mP

1 ,m
P
2 ) where d̄ is defined in Equation

(4) and mP is an image containing only the center of each circle in
m.

Proposition 3.4. Let m1,m2 ∈ B be two images which contain N1
and N2 circles respectively, and NM = max{N1,N2}. We have that

‖Rd[m1] − Rd[m2]‖∞ ≤ 2
√

2RNMD̄(m1,m2). (15)
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3.2 Regularity on Convex Shape

Let m be an image that contains a single convex shape, that is,
m(x, y) = 1A, where A is a connected, compact and convex subset of
W. Let curve C be the boundary of A. Suppose that C is continuous
and piecewise differentiable.

Definition 3.5. Let P be a point on C. Let ∂C(P) be the set of
φ ∈ [−π, π) such that there exists rφ which makes line `φ,rφ : rφ =

x cos φ + y sin φ intersects the set C only at point P or tangent of C
in P.

Note that ∂C(P) always exists for any P since C is convex, and
it is a singleton when P is a differentiable point of C.

Remark 3.6. Since C is a closed curve, we get that the set
{φ : φ ∈ ∂C(P), P ∈ C} is equal to [−π, π).

For all φ ∈ ∂C(P), let `⊥φ,rφ be the perpendicular line to `φ,rφ
passing through P. Denote the length of the segment of `⊥φ,rφ that
intersected with A by Dφ. Parameterize `⊥φ,rφ by s. Set s to be zero
at P and s > 0 in the direction that passes through A.

Definition 3.7. For a fixed P, define a function fφ : R → R, for
each φ, by letting fφ(s) be the length of `φ,rφ+s across A. Equiva-
lently, fφ(s) = R[m](φ, rφ+ s). Note that fφ(s) = 0 for all s < [0,Dφ].
When P is a differentiable point of C, since ∂C(P) is a singleton, we
may denote `φ,rφ by `θP,rP and fφ by fP.

All notations in definition 3.5 and 3.7 are shown in Figure 5.

Figure 5: Point P on C and its `φ,rφ , `⊥φ,rφ and Dφ

Definition 3.8. We say that point P is a locally linear point on C if
there is a neighborhood of P where C is a line in it.

Lemma 3.9. For all s ∈ (0,Dφ), the line `φ,rφ+s is intersects with C
in exactly two points.

Proof. Suppose that there is s ∈ (0,Dφ) such that the line `φ,rφ+s is
intersects with C in more than two points. If one point is isolated,
we can draw a line connecting that point to the others as in Figure
6 (b). It belongs to A, which contradicts the convexity of A. If
there is no isolated point, there is a part of C that intersects with
`φ,rφ+s which is locally linear as in Figure 6 (c). Since C is the
boundary of the shape, one side of it should not be in A. Without
loss of generality, we can suppose that it is the left side. We pick the
point on that part of C which is farthest from `φ,rφ+s so that the line
connecting that point and P will not be contained in A. Again, this
contradicts the convexity of A. So the only case that can happen is
that it crosses only two points as shown in Figure 6 (a). �

Proposition 3.10. The function fφ is continuous and piecewise
differentiable on (0,Dφ).

Proof. By previous lemma, we have that the value of fφ(s) on
(0,Dφ) is equal to the distance between the two intersection points
of `φ,rφ+s and C. Since C is continuous on (0,Dφ), so is fφ. We can
also get piecewise differentiability of fφ by a similar argument. �

Proposition 3.11. The curve C is locally linear at P if and only if
fP is not continuous at 0.

Proof. First of all, note that lim
s→0−

fP(s) = 0. Suppose that C is lo-

cally linear at P, then C is differentiable at P. So, fP(0) is equal to
the length of C that intersect with `θP,rP , which is greater than zero.
That is fP is not continuous at 0. On the contrary, suppose that C
is not locally linear at P. So, C must intersect `θP,rP only at point P,
that is fP(0) = 0. Since C is continuous, we get lim

s→0+
fP(s) = 0. This

proves continuity of fP at s = 0. �

(a)

(b)

(c)

Figure 6: Non-differentiable point P on C and its φ+, φ−

Proposition 3.12. If the curve C is differentiable at point P, then
fP is not differentiable at 0. Conversely, if fφ is not differentiable at
0 for some φ ∈ ∂C(P), then C is differentiable at point P.

www.astesj.com 124

http://www.astesj.com


P. Vatiwutipong / Advances in Science, Technology and Engineering Systems Journal Vol. 7, No. 4, 121-126 (2022)

Proof. Suppose that C is differentiable at P. Since `θP,rP is tan-
gent to C at P, we have f ′P(0) = ∞. On the contrary, suppose
that C is not differentiable at P. There will be two distinct value
φ+ = max{φ ∈ ∂C(P)} and φ− = min{φ ∈ ∂C(P)} as in Figure 7. Let
φ ∈ ∂C(P). We get that f ′φ(s) will be bounded above and below by
the slope of `φ+,rφ+ and `φ−,rφ− evaluated with respect to `φ,rφ . �

Hence, by Remark 3.6, we can separate θ ∈ [−π, π) into three
types according to the property of its corresponding point P as:
a locally linear, a differentiable but not locally linear and a non-
differentiable points. The Radon transform is discontinuous for the
locally linear point, and the d-Radon transform is continuous but not
differentiable. For the differentiable point that is not locally linear,
the Radon transform is continuous but not differentiable, and the
d-Radon transform is differentiable. Lastly, at the non-differentiable
point, both Radon and d-Radon transform are differentiable.

Figure 7: Non-differentiable point P on C and its φ+, φ−

To illustrated the result, take the following numerical examples.

Example 3.13. Consider a square

S = {(x, y) : |x − y| + |x + y| ≤ 2}.

Only the corner points (−1,−1), (−1, 1), (1,−1) and (1, 1) are
non-differentiable points of S , and the others are locally linear. So,
the Radon transform of S is not continuous only in the horizontal
and vertical directions, see Figure 8. For d-Radon transform, it is
continuous in every direction.

Figure 8: Image of the shape S in Example 3.13 and its Radon transform

Example 3.14. Consider a half circle

S = {(x, y) : x2 + y2 ≤ 1, y ≥ 0}.

Only the corner points (−1, 0) and (1, 0) are non-differentiable
points of S . All point on a base of the half circle is locally linear
and the other are non-differentiable. So, the Radon transform of S
is not continuous only in the horizontal direction, θ = 0. For the
other directions, the Radon transform is continuous, see Figure 9.
Again, for d-Radon transform, it is continuous in every direction.

Figure 9: Image of the shape S in Example 3.14 and its Radon transform

4 Line Detection Methods
The line detection method is a procedure to indicate lines from a
given image. In our setting, lines are parameterized by θ and r. So,
line detection is a method to extract θdt and rdt from each image.
We can consider a line detection method as a set-valued function or
correspondence that maps images to the set of detected parameters.

First, we consider the class BN of binary image consist of N
circles on W. That is, m ∈ BN if m : W → {0, 1} in the form of

m(x, y) =

N∑
i=1

δBRi (Pi) (16)

where BR(P) denotes a circle centered at P with radius R.
We define a distance between images m1,m2 ∈ BN that con-

sist of circles BRi (Pi) for i = 1, ...,N and BS i (Qi) for i = 1, ...,N
respectively by: D̄ : BN ×BN → [0,∞) as D̄(m1,m2) =

min
σ∈ΠN

N∑
i=1

(
2 min{Ri, S σ(i)}‖Pi − Qσ(i)‖ + π|R2

i − S 2
σ(i)|

)
where ΠN denotes the set of permutations of {1, 2, ...,N} and ‖ · ‖

is the Euclidean norm on R2. It was shown in [1] that the function
D̄ is a distance function on BN . This distance is a specific case of
the Wasserstein metric.

For the set of points, if all points are located on the given line
r∗ = x cos θ∗ + y sin θ∗, we get that (θ∗, r∗) = argmax(θ,r)∈ER[m](θ, r)
[]. We can extend this result to the image consist of circles.

Theorem 4.1. Let m ∈ BN and d > 0. If the center of all circles in
m are on the line r∗ = x cos θ∗ + y sin θ∗, we get that

1. (θ∗, r∗) = argmaxθ∈[− π
2 ,

π
2 )R[m](θ, r),

2. (θ∗, r∗) ∈ argmaxθ∈[− π
2 ,

π
2 )Rd[m](θ, r).

In particular, if d < Ri for all radius Ri of circle consisted in m, we
get that (θ∗, r∗) = argmaxθ∈[− π

2 ,
π
2 )Rd[m](θ, r).
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The proof of this theorem can be found in [1]. The next step is to
show the continuity of the d-Radon transform. Here, the maximum
theorem is needed.

Lemma 4.2. (Maximum Theorem, see Theorem 3.5 in [9]) Let X,Y
to be topological spaces. For a continuous function f : X × Y → R
and a compact value correspondence C : Y ⇒ X such that
C(y) , ∅ for all y ∈ Y. Define a function f ∗ : Y → R by
f ∗(y) = sup{ f (x, y) : x ∈ C(y)} and a correspondence C∗ : Y ⇒ X
by C∗(y) = argsup{ f (x, y) : x ∈ C(y)}. If C is continuous at y, then
f ∗ is also continuous at y and C∗ is upper hemi-continuous at y.

Theorem 4.3. For d > 0 and m ∈ BN . A correspondence m 7→
(θdt, rdt)[m] = argmax(θ,r)∈ERd[m](θ, r) is upper hemi-continuous
under the norm induced by metric D̄.

Proof. Let d > 0. Consider Rd as a function from E ×BN to R and
a correspondence C defined by C(m) = [− π2 ,

π
2 ) for all m ∈ BN . To

show that Rd is continuous, let m1,m2 ∈ BN and (θ1, r1), (θ2, r2) ∈ E.
By linearity of the d-Radon transform, we have that

|Rd[m1](θ1, r1) − Rd[m2](θ2, r2)|
= |Rd[m1](θ, r) − Rd[m1](θ2, r2)

+ Rd[m1](θ2, r2) − Rd[m2](θ2, r2)|
≤ |Rd[m1](θ, r) − Rd[m1](θ2, r2)|

+ |Rd[m1](θ2, r2) − Rd[m2](θ2, r2)|

�

The last step follows from the fact that Rd is continuously differ-
entiable. As a consequence, Rd : E ×BN → R is continuous. Then,
by maximum theorem, the correspondence m 7→ (θdt, rdt)[m] =

argmax(θ,r)∈ERd[m](θ, r) is upper hemi-continuous. So, if R[m] has
a unique maximum, then a correspondence m 7→ (θdt, rdt)[m] =

argmax(θ,r)∈ERd[m](θ, r) is a continuous function.
Hence, we can extend this fact from an image consisting of

circles to convex shapes. The main theorem can be restated as
follows:

Theorem 4.4. For d > 0 and image m consist of convex shape,
if every point of edge of every shape in m are not locally linear,
then correspondence m 7→ (θdt, rdt)[m] = argmax(θ,r)∈ERd[m](θ, r)
is upper hemi-continuous.

Here, the metric used in this theorem is defined in the same way
as D̄ but on the image consists of convex shapes instead of circles.

5 Conclusion
The regularity of the Radon transform, its modification called the
d-Radon transform, and line detection methods based on these two

transforms have all been investigated. The line detection method
based on the Radon transform is not continuous for an image con-
sisting of a circle. After more analysis, we determined that the
circle has a differentiable edge at each point, which is the source
of discontinuity. The locally linear point, differentiable point, and
non-differentiable point are three types of shape edges. The Radon
transform’s regularity is determined by the sort of point on edge
in that direction. A non-differentiable point is the only situation
in which the Radon transformation can preserve its continuity. To
achieve Radon transformation continuity in all directions, the shape
must not be differentiable at all points, which is impossible.

To increase the regularity of the line detection method, we intro-
duce the d-Radon transform by changing the domain of integration
from line to strip. Equivalently, it integrates the Radon space in the
r direction. The d-Radon transform of a convex shape was explored
for regularity. We discovered that the differentiable requirement of
the transformation is that the shape’s edge is not locally linear. This
is also a condition for the line detection method’s continuity.
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