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 The paper presents two robust and efficient control algorithms based on (i) Optimal Control 
Allocation (OCA) and (ii) Nonlinear Model Predictive Control (NMPC). The robotics system 
consists of two rovers with mecanum wheels and  mounted two 7-DOF arms  carrying a 
common load. The overall system is an underdetermined one with non-holonomic 
constraints. The developed control algorithms focus on providing an optimal solution to the 
wheel and joint torque saturation problem, which is typically encountered while 
manipulating a large and heavy payload. The first control algorithm based on OCA 
minimizes a quadratic cost function consisting of robot joint and rover wheel torques, 
contact forces, and moments using only the current state values and the system dynamics. It 
is computationally very efficient. The NMPC algorithm minimizes a quadratic cost function 
which not only includes the current states but also the future state estimates, and the control 
inputs over a specified prediction horizon. The system consisting of multi-rover with a dual 
arm is highly non-linear. The linear MPC technique on which most of the previous studies 
relied is not adequate. On the other hand, the computational difficulties of a generic NMPC 
algorithm is remarkably high. In this paper, an elegant, discretized technique with exact 
realization is implemented to take into account the full non-linear model and yet provide a 
simple real-time solution satisfying a minimum performance index subject to constraints. 
The  results show that the developed control algorithms OCA and NMPC work efficiently, 
and the minimum the contact moments and forces, and the joint torques  are realized while 
two arms carry a common load and successfully track a reference end-effector trajectory. 
The results also indicate that although NMPC algorithm is computationally more involved, 
it provides superior results in reducing joint and wheel torques as well as contact moments 
and forces. 
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1. Introduction   

This paper is an extension of the work originally presented in 
IEMTRONICS [1]. The Optimal Control Allocation algorithm 
(OCA) presented in the original work is further extended to 
accommodate a Nonlinear Model Predictive Control technique to 
increase performance of the approach. 

There has been a significant interest in exploring complex 
environments using mobile rovers. Such rovers are commonly 
used in space exploration, construction, mining, and military. 

Especially, there has been a considerable amount of interest in 
Space Robotics Exploration missions in the last two decades. 
Similar to on-orbit robotics missions (e.g., servicing, assembly, 

and manufacturing), the future planetary exploration missions will 
also include tasks such as assembly of large space structures using 
multiple coordinating rovers and the rover-mounted robotics 
manipulators. Recently the Moon and Mars rover missions are the 
main target of various space agencies including  NASA, Canadian 
Space Agency, ESA, JAXA, etc. Most of these space agencies in 
collaboration with space industries and research centers are 
heavily focusing on innovative rover technologies and designs. 
Autonomous rover motion control capability has been identified as 
one of the critical and enabling technology requirement for such 
systems. Although, there is a significant amount of research studies 
in the fields of control of single rover trajectory and force control 
of fixed-based arms, there are still major research challenges in the 
areas of load sharing multi- rovers and arms, particularly, real-time 
force and motion control when they are carrying a common load. 
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The initial technological challenges that involved designing a 
mobile rover were related to its mechanics. These included the 
development of dynamic control systems and collision free 
trajectories. 

In order to develop effective control systems for mobile rovers, 
a team led by Necsulescu [2,3]  studied the free and contact motion 
of the vehicles. They also developed methods to generate collision 
free trajectories and perform force control. 

 Motion control of  rovers with  nonholonomic constraints were 
studied using differential wheeled rovers in [4,5]  These constraints 
exist if the constraints cannot be expressed in the form of time 
derivatives of a function consists of the generalized coordinates. 

There have been extensive studies in control of systems with 
non-holonomic constraints. However, most of the cases,  kinematic 
control is typically achieved by ignoring the dynamics when 
dealing with systems with non-holonomic constraints [6]. 
However, it has been shown that a mechanical system with these 
constraints were controlled in spite of its structure [7]. In addition, 
it has been shown that a non-holonomic system cannot be brought 
to a single equilibrium with a smooth time-invariant feedback [8]. 

In a study conducted in Kalaycioglu [9], a control technique 
with optimal force distribution for multiple robotic manipulators 
was demonstrated. However, it only involved two cooperating 
arms and did not include rovers. 

The use of a Model Predictive Control (MPC) framework 
facilitates the optimization of a given performance index. It also 
allows for the analysis of the system constraints and dynamics [10–
15].  One of the most challenging aspects of implementing a robust 
model of (MPC) is dealing with the various uncertainties that can 
impact its performance [16]. Due to the characteristics of the 
model's receding horizon, standard MPC can provide an adequate 
level of robustness [17].  

Unfortunately, the literature has shown that standard MPC 
cannot provide an adequate performance in complex robotics 
systems [18]. To address this issue, various research studies have 
been conducted to develop novel MPC methods that can provide a 
robust and stable performance [19–23].  

The scope and capabilities of Non-linear Model Predictive 
Control (NMPC) have significantly improved over the past few 
years. Due to the increasing number of tools that can be used to 
implement this type of model, the performance of this algorithm 
has been greatly improved. Some of these include the ability to 
perform fast gradient use and input parameterisation [24–27]. The 
application of NMPS for free-floating space manipulator are 
provided in [28–31]. 

The mechanics of wheeled locomotion have also attracted a lot 
of attention [32–37][. A number of studies have been conducted on 
the dynamics and kinematics of the mecanum wheel (a 
subcategory of omnidirectional wheel)  [38–43]. 

There has been a significant amount of research on the various 
aspects of wheeled locomotion, but it is still not yet feasible to fully 
understand the mechanisms involved in the movement control of 
multiple rovers and mounted arms. For instance, the development 
of systems with multi- rovers with dual manipulators that can 

perform real-time  trajectories while manipulating a common load 
is still in its early stages. 

This paper presents two robust and efficient control algorithms 
based on (i) Optimal Control Allocation (OCA) and (ii) Nonlinear 
Model Predictive Control (NMPC) for a rover robotics system with 
mecanum wheels when the two 7-DOF arms operating a common 
load. The system is an underdetermined one subject to non-
holonomic constraints.  The  control algorithms focus on providing 
an optimal solution to the wheel and joint torque saturation 
problem, which is typically encountered while manipulating a 
large and heavy payload.  

The first control algorithm based on OCA minimizes a 
quadratic cost function (a performance index) consisting of robot 
joint and rover wheel torques, contact forces, and moments using 
only the current state values and the system dynamics. It is 
computationally very efficient. The NMPC algorithm minimizes a 
quadratic cost function which not only includes the current states 
but also the future state estimates, and the control inputs over a 
specified prediction horizon. 

The literature on the application of MPC for robotics is mainly 
focused on linear models. However, the multi-rover dual arm 
coordinating system is highly non-linear and MPC lacks robust 
applications in this area. In this paper, we present a novel NMPC 
discretized technique that incorporates the full non-linear 
characteristics of the multi-rover dual arm system. 

This paper consists of four sections. The first section provides 
the mathematical formulations such as the kinematics and 
dynamics models of the total system including two n-degree 
redundant manipulators, two rovers and a common load. The 
second section presents two novel control algorithms based on 
optimal control allocation (OCA) and non-linear model predictive 
control (NMPC) which are formulated to minimize the wheel 
moments, the joint torques, and contact moments/forces. The third 
section provides the simulation results and discussion, and the 
fourth section provides some concluding remarks and 
recommendations for future work. 

2. Theoretical Formulations 

2.1. The Rover Robotics System  

The system includes two mobile rovers with four mecanum 
wheels and two n-DOF redundant arms attached on the two rovers 
carrying a common load. Figure 1 shows an example of such a 
system with two  rovers and two n-degree arms.  

Table 1 contains the rover and robotics parameters utilized in 
the computer simulations.. The rotation angle ψi  and  the position 
vector 𝑹𝑹�𝒄𝒄𝒄𝒄, provide the pose of the center of mass Ci of the ith 
rover-in the inertial coordinate system, X, Y, Z.  The coordinate 
axes xci , yci , zci  attached to point Ci are obtained via a rotation 
around Z-axis with an angle of ψi.  

The masses associated with the rovers and the wheels are given 
as mci and mwij, respectively for the ith rover and the jth wheel, , 
j=1...4 and i=1,2 for each rover. The distances between the wheel 
centers along the yci and xci-axes are denoted by 2a and 2b, 
respectively. 
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Figure 1: Description of  the rover robotics system 

The wheels have a radius of s and the angle of rotation, and the   
angular rate are denoted as 𝜙𝜙𝑖𝑖𝑖𝑖and, 𝜔𝜔𝑖𝑖𝑖𝑖  , respectively. The rollers 
are attached to the outer rims of the  mecanum wheels as illustrated  
in Figure 1. The angle βij is defined as the angle between  the axis 
of rotation of the roller and the xci  of the jth wheel of the ith rover.  

2.2.  Model of Kinematics 

𝑽𝑽�𝒎𝒎𝒄𝒄𝒎𝒎, the velocity vector of the center of the jth wheel of the ith 
rover  can be determined by the following relationship: 

𝑽𝑽�𝒎𝒎𝒄𝒄𝒎𝒎 =  𝑽𝑽�𝒄𝒄𝒄𝒄 + 𝜴𝜴�𝒄𝒄𝒄𝒄  ×  𝒓𝒓�𝒘𝒘𝒄𝒄𝒎𝒎  
(1) 

𝜴𝜴�𝒄𝒄𝒄𝒄   =  𝜓𝜓𝚤𝚤̇  𝒆𝒆�𝒛𝒛 

(2) 

where 𝑽𝑽�𝒄𝒄𝒄𝒄 is the velocity of the mass center of the rover, 𝜴𝜴�𝒄𝒄𝒄𝒄  is the 
angular velocity vector of the rover and 𝒆𝒆�𝒛𝒛 is a unit vector both 
along the zci, -  axis while 𝒓𝒓�𝒘𝒘𝒄𝒄𝒎𝒎 is the position vector from the 
rover’s mass center  to the wheel center. 

The velocity vector 𝑽𝑽�𝒑𝒑𝒄𝒄𝒎𝒎  , representing the velocity of a point 
P  located at the roller center  can be expressed as 

𝑽𝑽�𝒑𝒑𝒄𝒄𝒎𝒎 =   𝑽𝑽�𝑚𝑚𝑖𝑖𝑖𝑖 + 𝝎𝝎�𝑖𝑖𝑖𝑖   × 𝝆𝝆�𝒄𝒄𝒎𝒎  
(3) 

where 𝝆𝝆�𝒄𝒄𝒎𝒎  is the position vector  from the wheel’s center to the 
point P,  the roller center. 

If the rollers do not slip, 𝑽𝑽�𝒑𝒑𝒄𝒄𝒎𝒎 does not have a component in the 
direction of the axis of roller rotation 𝒆𝒆�𝜷𝜷𝒎𝒎, and can be expressed as  

𝑽𝑽�𝒑𝒑𝒄𝒄𝒎𝒎 .  𝒆𝒆�𝜷𝜷𝒄𝒄𝒎𝒎 =   0 

(4) 

where  𝒆𝒆�𝜷𝜷𝒄𝒄𝒎𝒎 is a unit vector along the roller’s axis of  rotation. 
After carrying out some algebraic manipulations using (3) and (4), 
one can write the following expressions: 

.  
 𝑽𝑽�𝑚𝑚𝑖𝑖𝑖𝑖  . 𝒆𝒆�𝜷𝜷𝒄𝒄𝒎𝒎   +  ( 𝝎𝝎�𝑖𝑖𝑖𝑖   ×  𝝆𝝆�𝒄𝒄𝒎𝒎) . 𝒆𝒆�𝜷𝜷𝒄𝒄𝒎𝒎   = 0  

 
( 𝝎𝝎�𝑖𝑖𝑖𝑖   ×  𝝆𝝆�𝒄𝒄𝒎𝒎)  =  − 𝝎𝝎�𝑖𝑖𝑖𝑖𝑠𝑠𝒆𝒆�𝒙𝒙𝒄𝒄  

𝑽𝑽�𝑚𝑚𝑖𝑖𝑖𝑖   . 𝒆𝒆�𝜷𝜷𝒄𝒄𝒎𝒎   =  𝝎𝝎�𝑖𝑖𝑖𝑖𝑠𝑠 ( 𝒆𝒆�𝒙𝒙𝒄𝒄 . 𝒆𝒆�𝜷𝜷𝒄𝒄𝒎𝒎 ) 
(5) 

where s is the radius of the wheel and  𝒆𝒆�𝒙𝒙𝒄𝒄  is a unit vector in the 
direction of the xci – axis. 

Furthermore, rewriting the equations of constraints by utilizing 
(1) and (5), one can obtain the following relationships: 

𝑽𝑽�𝒄𝒄𝒄𝒄 .  𝒆𝒆�𝜷𝜷𝒄𝒄𝒎𝒎  + �𝜴𝜴�𝒄𝒄𝒄𝒄  ×  𝒓𝒓�𝒘𝒘𝒄𝒄𝒎𝒎 � .  𝒆𝒆�𝜷𝜷𝒄𝒄𝒎𝒎 =  𝝎𝝎�𝑖𝑖𝑖𝑖   𝑠𝑠 ( 𝒆𝒆�𝒙𝒙𝒄𝒄 .𝒆𝒆�𝜷𝜷𝒄𝒄𝒎𝒎 ) 
 

𝑽𝑽�𝒄𝒄𝒄𝒄 .  𝒆𝒆�𝜷𝜷𝒄𝒄𝒎𝒎  + �𝒓𝒓�𝒘𝒘𝒄𝒄𝒎𝒎  ×  𝒆𝒆�𝜷𝜷𝒄𝒄𝒎𝒎� .𝜴𝜴�𝒄𝒄𝒄𝒄  =  𝝎𝝎�𝑖𝑖𝑖𝑖  𝑠𝑠 cos (𝛽𝛽𝑖𝑖𝑖𝑖) 
(6) 

where 𝛽𝛽𝑖𝑖𝑖𝑖  is defined as the angle between the two unit vectors  
𝒆𝒆�𝒙𝒙𝒄𝒄 and 𝒆𝒆�𝜷𝜷𝒄𝒄𝒎𝒎   

 
𝑒𝑒𝛽𝛽𝑖𝑖1𝑇𝑇 =  [𝑐𝑐𝑐𝑐𝑠𝑠(𝛽𝛽𝑖𝑖1),−𝑠𝑠𝑖𝑖𝑠𝑠(𝛽𝛽𝑖𝑖1), 0 ] 

𝑒𝑒𝛽𝛽𝑖𝑖2𝑇𝑇 =  [𝑐𝑐𝑐𝑐𝑠𝑠(𝛽𝛽𝑖𝑖2), 𝑠𝑠𝑖𝑖𝑠𝑠(𝛽𝛽𝑖𝑖2), 0 ] 

𝑒𝑒𝛽𝛽𝑖𝑖3𝑇𝑇 =  [𝑐𝑐𝑐𝑐𝑠𝑠(𝛽𝛽𝑖𝑖3), 𝑠𝑠𝑖𝑖𝑠𝑠(𝛽𝛽𝑖𝑖3), 0 ] 

𝑒𝑒𝛽𝛽𝑖𝑖4𝑇𝑇 =  [𝑐𝑐𝑐𝑐𝑠𝑠(𝛽𝛽𝑖𝑖4),− 𝑠𝑠𝑖𝑖𝑠𝑠(𝛽𝛽𝑖𝑖4), 0 ] 

�̃�𝑟𝑤𝑤𝑖𝑖1𝑇𝑇 =  [𝑎𝑎, 𝑏𝑏, 0 ] 

�̃�𝑟𝑤𝑤𝑖𝑖2𝑇𝑇 =  [𝑎𝑎,−𝑏𝑏, 0 ] 

�̃�𝑟𝑤𝑤𝑖𝑖3𝑇𝑇 =  [−𝑎𝑎, 𝑏𝑏, 0 ] 

�̃�𝑟𝑤𝑤𝑖𝑖4𝑇𝑇 =  [−𝑎𝑎,−𝑏𝑏, 0 ] 
(7) 

One can obtain the following expressions by plugging  (7) into 
(6) and substituting 45o for  𝛽𝛽𝑖𝑖𝑖𝑖: 

𝑽𝑽�𝒄𝒄𝒄𝒄 = �
𝑉𝑉𝑐𝑐𝑖𝑖𝑐𝑐
𝑉𝑉𝑐𝑐𝑖𝑖𝑐𝑐
𝑉𝑉𝑐𝑐𝑖𝑖𝑐𝑐

� =  �
𝑠𝑠(𝜔𝜔𝑖𝑖1 + 𝜔𝜔𝑖𝑖2)/2
𝑠𝑠(𝜔𝜔𝑖𝑖3 −  𝜔𝜔𝑖𝑖1)/2

0
� 

𝜴𝜴�𝒄𝒄𝒄𝒄 = �
Ωcix
Ωciy
Ωciz

� =  �
0
0

𝑠𝑠(𝜔𝜔𝑖𝑖3 −  𝜔𝜔𝑖𝑖1)/(2(𝑎𝑎 + 𝑏𝑏))
� 

𝜔𝜔𝑖𝑖4 =  𝜔𝜔𝑖𝑖1 + 𝜔𝜔𝑖𝑖2 −  𝜔𝜔𝑖𝑖3 
(8) 

The following rotational matrix represents the rotation 
between  the inertial and  the rover body axes: 

Ψ𝑐𝑐𝑖𝑖 = �
cos𝜓𝜓𝑖𝑖 −sin𝜓𝜓𝑖𝑖 0
sin𝜓𝜓𝑖𝑖 cos𝜓𝜓𝑖𝑖 0

0 0 1
�   (9) 

Homogeneous transformation matrix  𝑻𝑻𝒇𝒇
𝒈𝒈  which transforms 

the coordinates between frame-g and frame-f on the robot arm can 
be obtained by  Denavit-Hartenberg (D-H) convention as follows.  

𝑻𝑻𝒇𝒇
𝒈𝒈 =   𝑨𝑨𝒇𝒇+𝟏𝟏  𝑨𝑨𝒇𝒇+𝟐𝟐  ……….  𝑨𝑨𝒈𝒈−𝟏𝟏  𝑨𝑨𝒈𝒈                  f<g 
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𝑨𝑨𝒇𝒇

=  

⎣
⎢
⎢
⎡
cos𝜃𝜃𝑓𝑓𝑖𝑖 −𝑠𝑠𝑖𝑖𝑠𝑠𝜃𝜃𝑓𝑓𝑖𝑖𝑐𝑐𝑐𝑐𝑠𝑠𝛼𝛼𝑓𝑓𝑖𝑖 𝑠𝑠𝑖𝑖𝑠𝑠𝜃𝜃𝑓𝑓𝑖𝑖𝑠𝑠𝑖𝑖𝑠𝑠𝛼𝛼𝑓𝑓𝑖𝑖 𝑎𝑎𝑓𝑓𝑖𝑖 cos𝜃𝜃𝑓𝑓𝑖𝑖
𝑠𝑠𝑖𝑖𝑠𝑠𝜃𝜃𝑓𝑓𝑖𝑖 cos𝜃𝜃𝑓𝑓𝑖𝑖 𝑐𝑐𝑐𝑐𝑠𝑠𝛼𝛼𝑓𝑓𝑖𝑖 −cos𝜃𝜃𝑓𝑓𝑖𝑖 𝑠𝑠𝑖𝑖𝑠𝑠𝛼𝛼𝑓𝑓𝑖𝑖 𝑎𝑎𝑓𝑓𝑖𝑖𝑠𝑠𝑖𝑖𝑠𝑠𝜃𝜃𝑓𝑓𝑖𝑖

0 𝑠𝑠𝑖𝑖𝑠𝑠𝛼𝛼𝑓𝑓𝑖𝑖 𝑐𝑐𝑐𝑐𝑠𝑠𝛼𝛼𝑓𝑓𝑖𝑖 𝑑𝑑𝑓𝑓𝑖𝑖
0 0 0 1 ⎦

⎥
⎥
⎤
    

(10) 

where  𝜃𝜃𝑓𝑓𝑖𝑖 ,𝛼𝛼𝑓𝑓𝑖𝑖  ,𝑑𝑑𝑓𝑓𝑖𝑖 ,𝑎𝑎𝑓𝑓𝑖𝑖  are the parameters related to joint-f 
and link-f on the ith arm, namely 𝑑𝑑𝑓𝑓𝑖𝑖 is the offset,  𝑎𝑎𝒇𝒇𝒄𝒄, is the fth 
link-length , 𝜃𝜃𝑓𝑓𝑖𝑖 is the joint angle and 𝛼𝛼𝑓𝑓𝑖𝑖 is the twist as defined in 
DH convention. 

The following expressions can be used to obtain the Jacobian 
matrices and the first-time derivatives of these matrices associated 
with the rover’s center and any arbitrary point-k on the arm: 

�𝑱𝑱𝒄𝒄𝒌𝒌�
𝒄𝒄
= � 𝒆𝒆𝒛𝒛� 𝒆𝒆𝟏𝟏� . . . 𝒆𝒆𝟕𝟕�
𝒆𝒆𝒛𝒛� ×  𝒓𝒓�𝒄𝒄𝒌𝒌 𝒆𝒆𝟏𝟏� ×  𝒓𝒓�𝟏𝟏𝒌𝒌 . . . 𝒆𝒆𝟕𝟕� × 𝒓𝒓�𝟕𝟕𝒌𝒌

� 

(11) 

�𝑱𝑱�̇𝒄𝒄𝒌𝒌�
𝒄𝒄

= �
𝒆𝒆𝒛𝒛� 𝒆𝒆𝟏𝟏�   … 𝒆𝒆𝟕𝟕�

𝒆𝒆𝒛𝒛� × ( 𝜴𝜴�𝒄𝒄𝒄𝒄 ×  𝒓𝒓�𝒄𝒄𝒌𝒌) 𝒆𝒆𝟏𝟏� × (�̇�𝜃1𝒆𝒆𝟏𝟏� × 𝒓𝒓�𝟏𝟏𝒌𝒌) … 𝒆𝒆𝟕𝟕� × (�̇�𝜃7𝒆𝒆𝟕𝟕� × 𝒓𝒓�𝟕𝟕𝒌𝒌 )� 

(12) 

Where 𝒆𝒆𝒊𝒊�  is the unit vector along the  ith joint rotation axis,   𝒆𝒆𝒛𝒛� 
is the unit vector along 𝜴𝜴�𝒄𝒄𝒄𝒄, and  𝒓𝒓�𝒄𝒄𝒌𝒌 ,  𝒓𝒓�𝒄𝒄𝒌𝒌 are the position vectors 
from ith joint and the rover’s center  to the point k, respectively. 

The linear and angular velocities and accelerations of point k 
on the ith rover arm can be calculated as follows: 

�𝛺𝛺
�𝑘𝑘
𝑉𝑉�𝑘𝑘
�
𝑖𝑖

= �𝐽𝐽𝑐𝑐𝑘𝑘�
𝑖𝑖
�
𝜴𝜴�𝒄𝒄𝒄𝒄 
𝜃𝜃�̇𝑖𝑖
� +  � 0

𝑽𝑽�𝒄𝒄𝒄𝒄
�                                  

(13) 

 

�𝛺𝛺
�̇𝑘𝑘
𝑉𝑉�̇𝑘𝑘
�
𝑖𝑖

= �𝐽𝐽𝑐𝑐𝑘𝑘�
𝑖𝑖
�Ω
�̇𝑐𝑐𝑖𝑖
𝜃𝜃�̈𝑖𝑖
� + �𝐽𝐽�̇�𝑐𝑘𝑘�

𝑖𝑖
�
𝜴𝜴�𝒄𝒄𝒄𝒄
𝜃𝜃�̇𝑖𝑖
� + �

0
𝑉𝑉�̇𝑐𝑐𝑖𝑖
�       

(14) 

where �𝛺𝛺
�𝑘𝑘
𝑉𝑉�𝑘𝑘
�
𝑖𝑖

is a vector consisting of the angular and linear  

velocity vectors of the point k  on the ith arm, respectively while  
𝜃𝜃�̇𝑖𝑖𝑇𝑇 = [ �̇�𝜃i1, �̇�𝜃i2, �̇�𝜃i3,….�̇�𝜃𝑖𝑖𝑖𝑖] is a vector consists of the ith rover-arm 
joint angular rates. 

2.3. Model of Dynamics 

The dynamics equations of motions of the system is derived 
using the Lagrangian formulation.  The total kinetic energy Tt 
consists of  two parts, the  rotational and translational kinetic 
energies of the robotics arms and the rovers. 

𝑇𝑇𝑡𝑡  =  𝑇𝑇𝑡𝑡𝑡𝑡 + 𝑇𝑇𝑡𝑡𝑡𝑡 

(15) 

The angular and translational velocities of the rovers as well 
as that of the robot links’  center of mass can be calculated using 

(14) and (8).  Then, the total kinetic energy of the system can be 
obtained using (15). 

The dynamics equations of motion can be obtained using the 
following Lagrangian formulation: 

𝑑𝑑
𝑑𝑑𝑑𝑑

 �
𝜕𝜕𝑇𝑇𝑡𝑡
𝜕𝜕�̇�𝑞ℎ

� −
𝜕𝜕𝑇𝑇𝑡𝑡
𝜕𝜕𝑞𝑞ℎ

= 𝑄𝑄ℎ,        ℎ = 1, … 2𝑚𝑚 

(16) 

where 𝑞𝑞ℎ and 𝑄𝑄ℎ are the generalized coordinates and forces, 
respectively and  

𝑞𝑞𝑇𝑇 = [𝜙𝜙11,𝜙𝜙12 ,𝜙𝜙13 ,𝜙𝜙21,𝜙𝜙22 ,𝜙𝜙23 ,𝜃𝜃11 … 𝜃𝜃1𝑖𝑖,𝜃𝜃21 … 𝜃𝜃2𝑖𝑖]  

and m=(n+3), n represents the total number of degrees of freedom 
of the  robotics arms.  

Applying (16), the dynamics equations of motions for both 
rovers and the arms can be written in the following form: 

⎣
⎢
⎢
⎢
⎡
𝑮𝑮𝑾𝑾𝑳𝑳 𝑮𝑮𝑾𝑾𝑳𝑳𝑹𝑹 𝑮𝑮𝑾𝑾𝜽𝜽𝑳𝑳 𝑮𝑮𝑾𝑾𝜽𝜽𝑹𝑹

𝑮𝑮𝑾𝑾𝑳𝑳𝑹𝑹
𝑻𝑻 𝑮𝑮𝑾𝑾𝑹𝑹 𝑮𝑮𝑾𝑾𝜽𝜽𝑳𝑳 𝑮𝑮𝑾𝑾𝜽𝜽𝑹𝑹

𝑮𝑮𝑾𝑾𝜽𝜽𝑳𝑳
𝑻𝑻 𝑮𝑮𝑾𝑾𝜽𝜽𝑳𝑳

𝑻𝑻 𝑮𝑮𝜽𝜽𝑳𝑳 𝑮𝑮𝜽𝜽𝑳𝑳𝑹𝑹
𝑮𝑮𝑾𝑾𝜽𝜽𝑹𝑹
𝑻𝑻 𝑮𝑮𝑾𝑾𝜽𝜽𝑹𝑹

𝑻𝑻 𝑮𝑮𝜽𝜽𝑳𝑳𝑹𝑹
𝑻𝑻 𝑮𝑮𝜽𝜽𝑹𝑹 ⎦

⎥
⎥
⎥
⎤

⎣
⎢
⎢
⎢
⎡𝚽𝚽�̈𝑳𝑳
𝚽𝚽�̈𝑹𝑹
𝜽𝜽�̈𝑳𝑳
𝜽𝜽�̈𝑹𝑹 ⎦

⎥
⎥
⎥
⎤

+

⎣
⎢
⎢
⎡
𝒄𝒄�𝑳𝑳
𝒄𝒄�𝑹𝑹
𝒄𝒄�𝜽𝜽𝑳𝑳
𝒄𝒄�𝜽𝜽𝑹𝑹⎦

⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎡𝑴𝑴
� 𝑳𝑳

𝑴𝑴� 𝑹𝑹
𝝉𝝉�𝜽𝜽𝑳𝑳
𝝉𝝉�𝜽𝜽𝑹𝑹⎦

⎥
⎥
⎥
⎤
    

(17) 

where 𝐺𝐺 is the mass / inertia matrix (a positive definite matrix)  
and,  𝚽𝚽�̈𝑳𝑳, , 𝚽𝚽�̈𝑹𝑹 are the wheels’ angular accelerations for the two 
rovers i=L and R, and 𝜽𝜽�̈𝑳𝑳,  𝜽𝜽�̈𝑹𝑹 are the joint rotational accelerations 
for the two manipulators, i=L and R,  respectively. The indices L 
and R are  referred to the first and second rover and robotics arm, 
respectively. 

The non-linear Coriolis and centrifugal terms are represented 
by 𝒄𝒄�𝑳𝑳𝐿𝐿, 𝒄𝒄�𝑹𝑹, 𝒄𝒄�𝜽𝜽𝑳𝑳 , and 𝒄𝒄�𝜽𝜽𝑹𝑹 .  and 𝝉𝝉�𝜽𝜽𝑳𝑳  𝝉𝝉�𝜽𝜽𝑹𝑹are the joint control torques 
for the two robot manipulators. Finally, 𝑴𝑴� 𝑳𝑳,𝑴𝑴�𝑹𝑹are the  wheel 
control moments for the two rovers.  

 Φ�̇𝑖𝑖𝑇𝑇 = [ 𝜔𝜔𝑖𝑖1 ,𝜔𝜔𝑖𝑖2,𝜔𝜔𝑖𝑖3 ] includes the wheels angular rates of the ith 
rover, i=L and R for two rovers. If there is no slip, the fourth wheel 
angular rate can be calculated using (8).  

2.4.  Optimal Control Allocation (OCA) Technique 

The robotics system composed of two rovers and two 
redundant arms is an undetermined because of the excessive 
number of sensors and actuators used to control the motions of the 
links and rovers. 

A novel two-stage optimal control technique is derived in this 
section and the control system block diagram is provided in 
Figure 2a. 

The first stage of the diagram generates the reference 
trajectories for the end-effectors corresponding to a given payload 
trajectory. The Impedance control equations representing this first 
stage are provided in (18). These equations are developed in [2]. 

 

𝑋𝑋�̈𝑖𝑖 = 𝑀𝑀𝑖𝑖
−1𝐵𝐵 �𝑋𝑋�̇𝑑𝑑𝑖𝑖 −  𝑋𝑋�̇𝑖𝑖� + 𝑀𝑀𝑖𝑖

−1𝐾𝐾{𝑋𝑋�𝑑𝑑𝑖𝑖 −  𝑋𝑋�𝑖𝑖}, 

𝑖𝑖 = 𝐿𝐿,𝑅𝑅 
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(18) 

where,𝑀𝑀𝑖𝑖 ,𝐾𝐾 𝐵𝐵, are 6x6 positive definite matrices and are chosen 
in accordance with the tracking performance requirements.  𝑋𝑋�𝑖𝑖. (i 
varies between L and R for each arm) are the  end-effector  
trajectories while 𝑋𝑋�𝑑𝑑𝑖𝑖.correspond to the reference trajectories of 
the attachment points on the common load.  

Figure 2: a. Optimal  control system block diagram – Two Stage Control 

The expressions for 𝑋𝑋�𝑖𝑖 and 𝑋𝑋�̇𝑖𝑖  can be written as follows: 

𝑋𝑋�𝑖𝑖 = �𝛺𝛺
�𝑘𝑘
𝑉𝑉�𝑘𝑘
�
𝑖𝑖

  

(19) 

𝑋𝑋�̇𝑖𝑖 =  �𝛺𝛺
�̇𝑘𝑘
𝑉𝑉�̇𝑘𝑘
�
𝑖𝑖

 

(20) 

where k point is the end-effector for the ith arm. Performing the 
least-square minimization of joint rates, the inverse kinematics of 
the robotics system can be solved as the following: 

 

�
𝜴𝜴�𝒄𝒄𝒄𝒄 
𝜃𝜃�̇𝑖𝑖
� =  𝑊𝑊𝑖𝑖

−1 �𝐽𝐽𝑐𝑐𝑘𝑘�
𝑖𝑖

𝑇𝑇
𝑈𝑈𝑖𝑖−1 𝑋𝑋�̇𝑖𝑖            

(21) 

�Ω
�̇𝑐𝑐𝑖𝑖
𝜃𝜃�̈𝑖𝑖
�  =  𝑊𝑊𝑖𝑖

−1 �𝐽𝐽𝑐𝑐𝑘𝑘�
𝑖𝑖

𝑇𝑇
𝑈𝑈𝑖𝑖−1 �𝑋𝑋�̈𝑖𝑖 −  �𝐽𝐽�̇�𝑐𝑘𝑘�

𝑖𝑖
�
𝜴𝜴�𝒄𝒄𝒄𝒄 
𝜃𝜃�̇𝑖𝑖
��            

(22) 

𝑈𝑈𝑖𝑖 =  �𝐽𝐽𝑐𝑐𝑘𝑘�
𝑖𝑖
𝑊𝑊𝑖𝑖

−1 �𝐽𝐽𝑐𝑐𝑘𝑘�
𝑖𝑖

𝑇𝑇
 

(23) 

where 𝑊𝑊𝑖𝑖 is a square positive definite weighting matrix with the 
dimensions of (n+3) by (n+3).  

The second stage in the block diagram is predicated on 
optimal control allocation (OCA). The mathematical model is 
provided below. 

The performance index (a cost function) C is formulated to 
minimize the wheel moments 𝑴𝑴�𝑳𝑳,𝑴𝑴�𝑹𝑹  and the joint torques 
𝝉𝝉�𝜽𝜽𝑳𝑳  𝝉𝝉�𝜽𝜽𝑹𝑹, and  the contact moments and forces 𝑵𝑵�𝒄𝒄 and 𝑭𝑭�𝒄𝒄 applied 
by the end-effectors on the common load  

The performance index C can be expressed as: 

𝐶𝐶 =
1
2

 �̃�𝑆𝑇𝑇 𝐻𝐻�̃�𝑆 + �̃�𝜆𝑇𝑇 𝐸𝐸�  

(24) 

𝐻𝐻 is a  (2n+18, 2n+18) positive definite weighting matrix,   
�̃�𝜆 is the ((2n+12), 1) Lagrangian multiplier and 𝐸𝐸� vector 
includes the equations of constraints and can be calculated as 
shown in (26). 

The  �̃�𝑆  vector  contains the contact forces / moments, the 
wheel moments as well as the joint torques for the two arms and 
rovers as described below: 

�̃�𝑆𝑇𝑇 =  �𝑄𝑄�𝐿𝐿,𝑄𝑄�𝑅𝑅 ,𝑀𝑀�𝐿𝐿,𝑀𝑀�𝑅𝑅  , �̃�𝜏𝜃𝜃𝐿𝐿  �̃�𝜏𝜃𝜃𝑅𝑅  � 

𝑄𝑄�𝑖𝑖 = �𝑁𝑁
�𝑖𝑖
𝐹𝐹�𝑖𝑖
� 

(25) 

 

The 𝐸𝐸�  vector is provided below: 

𝐸𝐸� =  

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ 𝑚𝑚𝑡𝑡�̈�𝑥𝑡𝑡 −  𝐹𝐹�𝐿𝐿 − 𝐹𝐹�𝑅𝑅
�𝐼𝐼𝑡𝑡𝛺𝛺�𝑡𝑡 + 𝛺𝛺�𝑡𝑡 × 𝐼𝐼𝑡𝑡Ω�𝑡𝑡� − [ 𝑁𝑁�𝐿𝐿 + 𝑁𝑁�𝑅𝑅 −  �̃�𝑑𝐿𝐿  ×   𝐹𝐹�𝐿𝐿 − �̃�𝑑𝑅𝑅  ×  𝐹𝐹�𝑅𝑅]

⎣
⎢
⎢
⎢
⎢
⎡ 𝐺𝐺𝑊𝑊𝐿𝐿 𝐺𝐺𝑊𝑊𝐿𝐿𝑅𝑅 𝐺𝐺𝑊𝑊𝜃𝜃𝐿𝐿 𝐺𝐺𝑊𝑊𝜃𝜃𝑅𝑅

𝐺𝐺𝑊𝑊𝐿𝐿𝑅𝑅
𝑇𝑇 𝐺𝐺𝑊𝑊𝑅𝑅 𝐺𝐺𝑊𝑊𝜃𝜃𝐿𝐿 𝐺𝐺𝑊𝑊𝜃𝜃𝑅𝑅

𝐺𝐺𝑊𝑊𝜃𝜃𝐿𝐿
𝑇𝑇 𝐺𝐺𝑊𝑊𝜃𝜃𝐿𝐿

𝑇𝑇 𝐺𝐺𝜃𝜃𝐿𝐿 𝐺𝐺𝜃𝜃𝐿𝐿𝑅𝑅
𝐺𝐺𝑊𝑊𝜃𝜃𝑅𝑅
𝑇𝑇 𝐺𝐺𝑊𝑊𝜃𝜃𝑅𝑅

𝑇𝑇 𝐺𝐺𝜃𝜃𝐿𝐿𝑅𝑅
𝑇𝑇 𝐺𝐺𝜃𝜃𝑅𝑅 ⎦

⎥
⎥
⎥
⎥
⎤

⎣
⎢
⎢
⎢
⎢
⎡Φ�̈𝐿𝐿

Φ�̈𝑅𝑅

𝜃𝜃�̈𝐿𝐿
𝜃𝜃�̈𝑅𝑅 ⎦

⎥
⎥
⎥
⎥
⎤

−

⎣
⎢
⎢
⎢
⎡ 𝑐𝑐�𝐿𝐿𝑐𝑐�𝑅𝑅
𝑐𝑐�𝜃𝜃𝐿𝐿
𝑐𝑐�𝜃𝜃𝑅𝑅⎦

⎥
⎥
⎥
⎤
−

⎣
⎢
⎢
⎢
⎡𝑀𝑀�𝐿𝐿
𝑀𝑀�𝑅𝑅
𝜏𝜏�𝜃𝜃𝐿𝐿
𝜏𝜏�𝜃𝜃𝑅𝑅⎦

⎥
⎥
⎥
⎤

 

⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

(26) 

where 𝑥𝑥�̈𝑡𝑡 ,𝑚𝑚𝑡𝑡  are the translational acceleration and the mass of 
the common load, respectively and.  �̃�𝑑𝑖𝑖𝑇𝑇 = ( 𝑥𝑥𝑖𝑖 ,   𝑦𝑦𝑖𝑖 ,   𝑧𝑧𝑖𝑖 )  is the 
position vector measured from the ith arm’s contact point to the 
load’s mass center, while 𝛺𝛺�𝑡𝑡  and 𝐼𝐼𝑡𝑡  are the angular rate and the 
inertia matrix of the common load around its center of mass.  

Once can minimize the performance index C by taking the 
derivative of C with respect to �̃�𝜆𝑖𝑖 and  �̃�𝑆  to obtain the minimum 
norm of wheel moments, joint torques, as well as the contact 
moments /force  exerted by the end-effectors on the common load. 

𝜕𝜕𝐶𝐶
𝜕𝜕�̃�𝑆

= 0�  

(27) 

and   
𝜕𝜕𝐶𝐶
𝜕𝜕�̃�𝜆

=  0�  

(28) 
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One can obtain the minimum norm of �̃�𝑆  containing the wheel 
moments,  joint torques, as well as  the contact force and moments 
by making use of  the equations (27) and (28). 

�̃�𝑆 = Δ−1 𝑃𝑃� 

(29) 

where Δ is a ((2n + 18), (2n + 18)) square matrix and Δ  and 𝑃𝑃� 
are presented as follows: 

Δ =  

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ 𝐻𝐻𝑁𝑁𝐿𝐿 0 −𝐻𝐻𝑁𝑁𝑅𝑅 0 −𝐻𝐻𝜏𝜏𝐿𝐿 �𝐽𝐽𝑐𝑐𝑘𝑘�

𝐿𝐿

𝑇𝑇
𝑊𝑊𝜏𝜏𝑅𝑅 �𝐽𝐽𝑐𝑐𝑘𝑘�

𝑅𝑅

𝑇𝑇

(𝐷𝐷𝐿𝐿 − 𝐷𝐷𝑅𝑅)𝐻𝐻𝑁𝑁𝐿𝐿 𝐻𝐻𝐹𝐹𝐿𝐿 0 −H𝐹𝐹𝑅𝑅 (𝐷𝐷𝑅𝑅 − 𝐷𝐷𝐿𝐿 − 1 ) �𝐽𝐽𝑐𝑐𝑘𝑘�
𝐿𝐿

𝑇𝑇
𝑊𝑊𝜏𝜏𝑅𝑅 �𝐽𝐽𝑐𝑐𝑘𝑘�

𝑅𝑅

𝑇𝑇

0 1 0 1 0 0
1 −𝐷𝐷𝐿𝐿 1 𝐷𝐷𝑅𝑅 0 0

�𝐽𝐽𝑐𝑐𝑘𝑘�
𝐿𝐿1

𝑇𝑇
�𝐽𝐽𝑐𝑐𝑘𝑘�

𝐿𝐿2

𝑇𝑇
0 0 1 0

0 0 �𝐽𝐽𝑐𝑐𝑘𝑘�
𝑅𝑅1

𝑇𝑇
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𝐷𝐷𝑖𝑖 =  �
 0 −𝑧𝑧𝑖𝑖    𝑦𝑦𝑖𝑖

  𝑧𝑧𝑖𝑖   0 −𝑥𝑥𝑖𝑖
−𝑦𝑦𝑖𝑖    𝑥𝑥𝑖𝑖   0

� 

(32) 

2.5. Non-linear Model Predictive Control (NMPC) Technique 

The control block diagram of the NMPC is illustrated in 
Figure.2b. It replaces the second stage of the model in Figure.2a. 
The reference trajectory shown in this diagram is the output of the 
first stage, i.e., the impedance control trajectory generation. 
However, in this case, the future state estimates are also taken into 
account to estimate the future reference trajectory values. 

A robust NMPC algorithm is implemented by optimizing a 
performance index of the system which considers the predictions 
of the output signal and the constraints on the states, outputs and 
inputs as illustrated in Figure 2b. 

The main difference between the Optimal Control Allocation 
(OCA) and the Non-linear Model Predictive Control (NMPC) is 
that the latter utilizes a model to predict and control future 
behavior, while the former only takes into account the current and 
the past. 

 
Figure 2: b  Nonlinear Model Predictive Control (NMPC) block diagram  

The optimization process carried out through the NMPC 
algorithm is performed at each control interval to predict the 
system's future behavior. It involves implementing various 
optimization problems related to the cost functions and 
constraints. The cost function is a type of scalar which needs to  
be minimized at intervals to assess the system's performance. 

Besides the cost functions, the system also has to perform 
under various constraints to check its performance. These include 
the plant output and states. The modified states are adjusted 
depending on the constraints that are applied to the system. 

The conventional MPC formulation for the multi-rover 
nonlinear system can be written as:  

𝑪𝑪 = � � �𝒚𝒚�(𝒕𝒕)– 𝒚𝒚�𝒓𝒓(𝒕𝒕)�𝑻𝑻𝑲𝑲�𝒚𝒚�(𝒕𝒕)– 𝒚𝒚�𝒓𝒓(𝒕𝒕)�
𝑇𝑇𝑝𝑝

0

+ 𝑺𝑺�𝑇𝑇(𝑑𝑑) 𝑯𝑯 𝑺𝑺�  (t)� 𝒅𝒅𝒕𝒕  
subject to: 

𝒚𝒚�̇ = 𝒈𝒈�(𝒚𝒚�) + 𝑳𝑳 𝑺𝑺�

𝒛𝒛� = 𝒈𝒈�𝒛𝒛(𝒚𝒚�) + 𝑯𝑯 𝑺𝑺�
 

𝒚𝒚�(0) = 𝒚𝒚�(𝑑𝑑0) 
(33) 

where 𝑇𝑇𝑝𝑝  is the prediction horizon;  𝑲𝑲  and  𝑯𝑯  are (2(2n+6) x 
2(2n+6)) and ((2n+18) x (2n+18)) positive definite square 
weighting matrices, respectively;  𝒈𝒈�(𝒚𝒚�),𝒈𝒈�𝒛𝒛(𝒚𝒚�),𝑳𝑳,𝑯𝑯 are part of 
the nonlinear system equations. 

Also,  𝒚𝒚�(t)𝐓𝐓 = [𝑞𝑞𝑇𝑇, �̇�𝑞𝑇𝑇] , is a (1 x 2(6+2n)) state vector, 𝑞𝑞𝑇𝑇 
vector is previously defined in Eq.(16),  and 𝒚𝒚�𝒓𝒓(t) is the reference 
/ desired states.  

The non-linear system can now be described with an exact 
quasi linear parameter varying realization:  

𝒚𝒚�(𝑘𝑘𝑡𝑡 + 1) = 𝑨𝑨��𝒈𝒈�(𝑘𝑘𝑡𝑡)�𝒚𝒚�(𝑘𝑘𝑡𝑡) + 𝑩𝑩��𝒈𝒈�(𝑘𝑘𝑡𝑡)� 𝑺𝑺�(𝑘𝑘𝑡𝑡) 

𝒛𝒛�(𝑘𝑘𝑡𝑡) = 𝑪𝑪��𝒈𝒈�(𝑘𝑘𝑡𝑡)�𝒚𝒚�(𝑘𝑘𝑡𝑡) + 𝑫𝑫��𝒈𝒈�(𝑘𝑘𝑡𝑡)� 𝑺𝑺�(𝑘𝑘𝑡𝑡) 

𝒈𝒈�(𝑘𝑘𝑡𝑡) = 𝒇𝒇𝒈𝒈�𝒚𝒚�(𝑘𝑘𝑡𝑡)� 

(34) 

where 𝑘𝑘𝑡𝑡  is the sampling instant and 𝒛𝒛�(𝑘𝑘𝑡𝑡)  is a vector of the 
measured outputs at instant 𝑘𝑘𝑡𝑡. 

The NMPC is employed at each sampling instant𝑘𝑘𝑡𝑡.and the 
discrete states 𝒚𝒚�(𝑘𝑘𝑡𝑡 . )  and control inputs 𝑺𝑺�(𝑘𝑘𝑡𝑡 . )  are obtained 
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minimizing the following performance index i.e., the Cost 
Function: 

 

𝐶𝐶 =
1
2
��

 �𝒚𝒚�(𝑘𝑘𝑡𝑡 . +𝑖𝑖)– 𝒚𝒚�𝒓𝒓(𝑘𝑘𝑡𝑡 . +𝑖𝑖)�𝑇𝑇  𝐾𝐾   �𝒚𝒚�(𝑘𝑘𝑡𝑡 . +𝑖𝑖)– 𝒚𝒚�𝒓𝒓(𝑘𝑘𝑡𝑡 . +𝑖𝑖)�    

                    + 𝑺𝑺�(𝑘𝑘𝑡𝑡 . +𝑖𝑖 − 1 )𝑇𝑇  𝐻𝐻   𝑺𝑺�(𝑘𝑘𝑡𝑡 . +𝑖𝑖 − 1)
�

𝑁𝑁𝑃𝑃

𝑖𝑖=1

 

 

subject to   
 

𝒚𝒚�(𝑘𝑘𝑡𝑡  + 𝑖𝑖 + 1) = 𝑨𝑨��𝒈𝒈�(𝑘𝑘𝑡𝑡  + 𝑖𝑖)�𝒚𝒚�(𝑘𝑘𝑡𝑡  + 𝑖𝑖) + 𝑩𝑩��𝒈𝒈�(𝑘𝑘𝑡𝑡  + 𝑖𝑖)� 𝑺𝑺�(𝑘𝑘𝑡𝑡  + 𝑖𝑖) 

 

𝒛𝒛�(𝑘𝑘𝑡𝑡  + 𝑖𝑖) = 𝑪𝑪��𝒈𝒈�(𝑘𝑘𝑡𝑡  + 𝑖𝑖)�𝒚𝒚�(𝑘𝑘𝑡𝑡  + 𝑖𝑖) + 𝑫𝑫��𝒈𝒈�(𝑘𝑘𝑡𝑡  + 𝑖𝑖)� 𝑺𝑺�(𝑘𝑘𝑡𝑡  + 𝑖𝑖) 

(35) 

3. Computer Simulation Results and Discussion 

The results of the computer simulations and their discussions 
are presented in this section. First, a prescribed trajectory for the 
common payload's center mass is generated. Then, the desired 
(reference) trajectories for the two end-effectors are obtained using 
a method known as the impedance control technique (shown as the 
first stage in the block diagram). 

The goal of the simulation is to obtain the minimum joint and 
rover wheel torques and contact forces while simultaneously 
tracking the desired end-effector pose using the developed two 
different control algorithms (i) OCA and (ii) NMPC. 

The parameters for the robotic arms and the rovers employed 
in the computer simulations are presented in Table 1. A mini 
version of the SSRMS is utilized.  

Table 1:  The System Parameters Utilized in the Computer Simulation 

Description of Hardware 
Configuration Items 

Dimensions 
(m)  

Mass (kg) 

Rovers-(#1 and #2) (0.5x0.5x0.3)  40 
Common Load (0.4x1x0.4) 10 
Link #1 (0.1x0.1x0.1)  1 
Link #2 (0.1x0.1x0.1) 1 
Link #3 (1x0.1x0.1) 3 
Link #4 (1x0.1x0.1) 5 
Link #5 (0.1x0.1x0.1) 3 
Link #6 (0.1x0.1x0.1) 1 
Link #7 (1x0.1x0.1) 3 

The desired trajectories for the rotational and translational 
motions of the common load are presented with time in Figure 3. 

The minimum norm of the contact moments /forces,  the joint 
torques, as well as the control forces and moments on Rovers 1 and 
2 are plotted in Figure 4a-m using OCA and NMPC algorithms. 
The non-optimum joint torques (in blue),  the joint torques realized 
by application of OCA algorithm (in red) and by  NMPC algorithm 
(in yellow) are plotted for comparison purposes. The comparison 

of the plots illustrates that the NMPC is superior and then followed 
by OCA. 

 

 
Figure 3: Variation of the reference  trajectory for the common load 

 

Figure 4: a Variation of the Joint 3 Torque obtained by Non-optimal,  OCA, 
NMPC Algorithms (Arm 1)
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Figure 4: b-Variation of the Joint 4 Torque obtained by Non-optimal,  OCA, 

NMPC Algorithms (Arm 1) 

Figure 4: c Variation of the Joint 5 Torque obtained by Non-optimal,  OCA, 
NMPC Algorithms (Arm 1) 

 
Figure 4: d Variation of the Joint 3 Torque obtained by Non-optimal,  OCA, 
NMPC Algorithms (Arm 2) 

 
Figure 4: e Variation of the Joint 4 Torque obtained by Non-optimal,  OCA, 

NMPC Algorithms (Arm 2) 

Figure 4: f Variation of the Joint 5 Torque obtained by Non-optimal,  OCA, 
NMPC Algorithms (Arm 2) 

 

 
Figure 4: g Variation of the Contact Forces on Payload  by Non-optimal,  OCA, 
NMPC Algorithms (Arm 1) 
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Figure 4: h Variation of the Contact Forces on Payload  by Non-optimal,  OCA, 
NMPC Algorithms (Arm 2) 

Figure 4: i Variation of the Contact Moments on Payload  by Non-optimal,  
OCA, NMPC Algorithms (Arms 1 and 2) 

Again, the NMPC is superior to OCA in obtaining minimum 
contact moments / forces applied to the common load while the 
two end-effectors are carrying a common load. 

 
Figure 4j Variation of the Control Forces on Rover 1  by Non-optimal,  OCA, 

NMPC Algorithms (Rover 1) 

 
Figure 4: k Variation of the Control Forces on Rover 2  by Non-optimal,  OCA, 

NMPC Algorithms (Rover 2) 

 
Figure 4: l Variation of the Control Moment on Rover 1  by Non-optimal,  OCA, 

NMPC Algorithms (Rover 1) 

Figure 4: m Variation of the Control Moment on Rover 2  by Non-optimal,  OCA, 
NMPC Algorithms (Rover 2) 
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A comparative analysis shows that again NMCP is superior to 
OCA in obtaining minimum norm of control moments and forces 
for Rovers 1 and 2.  

The time variations of joint angular accelerations are shown in 
Figure 5. 

 

Figure 5: Variation of joint angular accelerations for the first and second arm 

The joint accelerations are integrated to calculate rotational  
rates and angles using (13) and are presented in Figure 6. 

 
 

 

 
Figure 6: Variation of  joint angular rates and angles for the first and second arm 

The  trajectories of the point C,  the center of mass of the two 
rovers are determined by (22) and (8) and are shown in Figure 7. 
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Figure 7: Variation of Rover 1 and 2 positions and orientations with time 

The wheel angles of the two rovers are  calculated  utilizing 
(22) and are presented in Figure 8. 

 

 

Figure 8   Variation of angles of rotations for rover wheels - rovers 1 and 2 

Conclusions and Future Work 

The paper presented two novel control algorithms for motion 
and force control of a multi-rover  robotics system when the two 
end-effectors carrying a common load. One algorithm is predicated  
on  Optimal Control Allocation (OCA) and the other is a 
discretized (ii) Nonlinear Model Predictive Control (NMPC) 
algorithm.  

The paper focused on developing  robust and computationally 
efficient real-time control algorithms that can minimize the 
performance index consisting of the norm of the rovers control 
moments / forces,  the joint torques, , as well as the contact 
moments / forces applied to the common load by two end-
effectors.  

The norm of wheel moments, joint torques, and the contact 
moments and forces were minimized to resolve the torque / 
moment saturation problem often seen while carrying a common 
load. The paper also presented a minimum norm solution for an 
underdetermined system subject to non-holonomic constraints 
Moreover, the developed control algorithm also provided a real-
time capability of trajectory for both the rovers and the arms while 
carrying  a common load. 

The system consisting of multi-rover with a dual arm was 
highly non-linear. The linear MPC technique on which most of the 
previous studies relied was not adequate. On the other hand, the 
computational complexity of a generic NMPC algorithm was very 
demanding. Therefore, in this paper, an elegant discretized 
technique with exact realization was implemented to take into 
account the full non-linear model and yet  provide a simple real-
time solution satisfying  a minimum performance index subject to 
constraints. 

The results of the computer simulations illustrated that the two 
algorithms OCA and NMPC worked efficiently. They were able to 
realize  the minimum contact forces and moments and rover wheel 
moments and forces, joint torques, while manipulating a common 
load and tracking a reference load trajectory. In addition,  the 
minimal norm solution also satisfied the non-holonomic 
constraints. 

The results  revealed that the optimization scheme used by the 
NMPC algorithm was the most effective when it came to achieving 
the lowest joint torques and forces. It was then followed by the 
OCA algorithm and the conventional least square method, 
respectively. 

The authors are currently working on a research project to build 
a testbed to experimentally validate the computer simulation 
results. The comparisons of experimental and simulation results 
will be part of the future research work. Furthermore, the authors 
assumed no slippage occurred. However, the maximum driving 
force of each wheel is limited by the dynamic friction coefficient 
and the magnitude of the normal force acting on it. If this is 
exceeded, this assumption will no longer be valid. The normal 
forces will be incorporated in the dynamics model for the future 
work. 
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