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 Treatment plants have been developed in many countries to handle wastewater, therefore, 
many pieces of researches have been conducted in order to optimize the outcomes. In this 
article, a mathematical optimization model was developed using quadratic programming 
approach to optimize the pollutant degradation at the domestic wastewater facultative 
stabilization ponds. The data used in this research were obtained from Sewon, Bantul 
wastewater treatment plant (WWTP) located in Yogyakarta, Indonesia. The proposed 
mathematical optimization model was formulated by maximizing the total amount of 
domestic wastewater processed in four facultative ponds along with the efficiency index 
value of the biological oxygen demand (BOD) degradation. The corresponding quadratic 
programming problem was solved in LINGO 18.0 optimization tool by using the 
generalized reduced gradient algorithm. The result led to the optimal decision which is the 
value of the domestic wastewater processed in each facultative pond. 
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1. Introduction  

The treatment of wastewater reduces its pollutant 
concentration through several processing levels. In Sewon, Bantul 
treatment plant, the process is conducted in three steps. It begins 
with the inception of the wastewater via inlet, following by 
filtering to remove its physical matters. It is further processed in 
the facultative pond to reduce pollutants, and processed in the 
maturation pond. In these steps, it is processed in order to reduce 
the pollutants such as bacteria, algae & zooplankton, due to 
prolonged storage time [1]. In order to observe,  evaluate, and 
optimize the pollutant degradation process in facultative ponds, 
researches were conducted, for example, using the following 
approaches: a quantitative method for coefficient analysing [2], 
linear programming for BOD degradation [3], an economically 
viable natural adsorbent materials approach for wastewater 
treatment [4], dynamic model for sewage treatment [5], 
quantitative analysis for nitrogen removal mechanism [6], 
maturation pond analysis [7], and an optimization model approach 
developed for energy saving and mitigation [8].  

Some advance researches were conducted to develop new 
approaches for wastewater treatment model using specific 
methods such as statistical analysis approaches [9], distillation 
column model approach [10], phosphorus content analysis [11], 
physio-chemical & micro-biological [12], oxygen electrode & 
biological approach [13], organism & organic matter analysis [14], 

quadratic programming approach [15], a multi-objective particle 
swarm optimization for conjunctive use of treated wastewater & 
groundwater [16], fenton oxidation process optimization [17], 
data-driven in pumping station [18], WEST software approach for 
solid retention time optimization [19],  integrated wastewater 
treatment for multiple input configurations, reuse, & disposal 
options [20], electrochemical oxidation for saline wastewater 
treatment [21], and wastewater treatment optimization using 
moving bed biofilm reactor method [22]. Furthermore, some 
articles in the literature were published on the utilization of 
wastewater residual, such as, for brick making [23], recycling [24], 
sludge for biodiesel [25], microbial fuel cells for power generation 
[26], etc. Conversely, numerous implementations of its 
optimization were reported in many areas, for example in textile 
bio-refractory treatment [27], municipal and piggery [28], [29], 
eco-industrial park [30], cutting oil on twisted tapes [31], brewery 
[32], sugar beet industry processing [33]. 

Unfortunately, the existing approaches mentioned above were 
modelled as a single period processing which means that the model 
can handle for single time processing only. In order to handle the 
wastewater processing in multi-period way, a new model which 
including the processing time variable is needed. In this paper, a 
multi-period mathematical optimization model approach is 
developed to determine the optimal decision for BOD degradation 
in facultative ponds. This model is developed from our previous 
research with data collected from Sewon, Bantul facultative ponds 
located in Yogyakarta, Indonesia. 
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Figure 1: Sewon Bantul wastewater treatment plant [3] 

2. Material and Method 

2.1. Assumptions and Notations 

 The formulated mathematical model was considered under the 
following assumptions: 

(1) Optimizing wastewater processing only on four 
facultative ponds, we do not including the processing in 
the maturation pond; 

(2) The decision variable to be optimized is the BOD 
concentration parameter; 

(3) The data used in the model and the calculation were 
observed in Sewon, Bantul facultative ponds; 

(4) The data were taken from ponds I and II 
(5) The pollutant degradation process was assumed to be 

uniform in all ponds; 
(6) The quality standard value of the wastewater is taken 

from the government’s policy, Yogyakarta Province [34]; 
(7) The formula to calculate the efficiency index value used 

in the model is based on our previous researches (see [3]); 
(8) The review period of time is assumed to be a day. 

Sewon, Bantul WWTP facility contains inlet and outlet valve, 
as well as four facultative and two maturation ponds (see Figure 
1). The following notations are used in the mathematical model: 

index: 
t  : review period of time (day)  
decision variables: 

( )e
pL t   : Wastewater volume processed in pond p at  

    review time period t (kg/period) 
 
parameters: 
L0  : Initial wastewater load volume in inlet (kg/day) 

0 ( )Q t   : Wastewater inflow rate in the inlet at review  
    time period t (m3/period) 

( )e
pQ t   : Wastewater inflow rate in facultative pond p at  

    review time period t (m3/period) 
( )pL t   : Wastewater load volume prior to pond p at  

    review time period t (kg/period) 
( )pC t   : Concentration of Biological Oxygen Demand  

    at pond p at review time period t (mg/L)  
( )L t   : Wastewater load for all ponds at review time  

    period t (kg/period) 
( )pE t   : Efficiency value of the treatment at pond p at  

    review time period t (in percentage) 
( )refE t   : reference value for the efficiency value of the  

    treatment in the pond at review time period t  
BM   : Quality standards of wastewater decided by the  
    local government (constant for all review time  
    period) 

2.2. Mathematical Model 

We proposed the following mathematical model which was 
developed to maximize the load volume of the wastewater in all 
four facultative ponds and optimizing the efficiency index value 
of the BOD degradation by bringing it into a reference point 
decided by the decision maker. This was further formulated as a 
quadratic function of their difference, i.e. 

 ( )2
1 1 1 1

( )max ( ) ( )
T P T P

e
p p ref

t p t p
Z L t E t E t

= = = =
= − −∑∑ ∑∑ . (1) 

The following equalities/inequalities were formulated as the 
constraints to the model: 

(1) The efficiency index value of the BOD degradation at 
each review period per facultative pond need to satisfy 
the wastewater quality standard (BM): 

 { },  1, 2,3, ;) ) 4( (p pE C BMt pt ≤ ∀ ∈⋅  (2) 
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(2) The wastewater load volume in pond p must not be 
exceeded: 

 { },  1, 2,3, 4 ;e
p pL L p≤ ∀ ∈  (3) 

(3) The wastewater load volume entering the facultative 
pond p is the flow rate containing BOD:  

 
( )

{ }
( )( )

( ) ,  1, 2,3, 4 ;
1000

e
pe

p
pQ t C

L t p
t⋅

= ∀ ∈  

(4) The efficiency index value for facultative pond p at 
review period of time t is 

 { }.( ) ,  1, 2,3, 4 ;
1 .p

k SE t p
k S

= ∀ ∈
+

; (4) 

where k  is the BOD degradation rate per day and S is 
the storing time (in day) of the wastewater in the 
facultative pond. 

The above mathematical model is rewritten as: 

 ( )2
1 1 1 1

( )max ( ) ( )
T P T P

e
p p ref

t p t p
Z L t E t E t

= = = =
= − −∑∑ ∑∑   (5) 

subject to: 
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3. Results and Discussions 

The optimal decision is calculated using the following scenario 
with some parameter values collected in Sewon, Bantul WWTP as 
reported by previous published articles. The domestic wastewater 
load in ponds P1 and P2 is half of the inflow rate in the value of L0 
= 4.799,6 kg/day, with a BOD degradation coefficient of 1.1% [3], 
a quality standard of 50 mg/L, and a wastewater inflow rate of 
11238 m3/day in each facultative pond for one year [3]. The 
reference value for the efficiency of the treatment at the pond is 
decided to be 0.25 for ponds P1 & P2, and 0.5 for ponds P3 & P4 
at any review time period t. To solve the optimization problem(5), 
the LINGO programming tool was run in a daily used personal 
computer. The optimization results are shown in Figures 2 and 3. 
First, the optimal decision value for the wastewater load in pond 
P1 & P2 is 11 2399 kg per day for each, and 1199.5 kg for P3 & 
P4 as shown in Figure 2 with a review time period 5, which is 
processed in each pond by 1199.5 m3 where the storing time is 0.25 
day at pond P1, 0.25 day at pond P2, 0.57 day at pond P3, and 0.57 
day at pond P4. 

In order to simulate the problem in difference scenarios, the 
optimal decision was calculated with scenarios following the value 
of the wastewater load in facultative pond p at review time period 
t (m3/period) in Figure 2. The optimal decision, i.e. the wastewater 
volume to be processed in pond p at each review time t (kg/period) 
is shown in Figure 3. The optimal storing time is the same for all 
each review time i.e. 0.25 day at pond P2 & P3, and 0.57 day at 
pond P3 & P4. 

 
Figure 2: Wastewater load in facultative pond p at review time period t (kg/period) 
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Figure 3: Wastewater volume processed in pond p at review time period t (kg/period) 

4. Concluding Remarks 

An optimization mathematical model in a quadratic 
programming was proposed in this paper which is used to calculate 
the optimal amount of domestic wastewater to be processed in 
facultative stabilization ponds. The model was solved using data 
collected at Sewon, Bantul WWTP, and from the computational 
experiment, the facultative pond was derived with the storing time 
at each pond. 
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